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We investigate the variation of log canonical thresholds in (graded) linear systems. For
toric log Fano varieties, we give a sharp lower bound for log canonical thresholds of the

anticanonical members in terms of the global minimal log discrepancy.

1 Introduction

An interesting question in the classification theory of algebraic varieties is the conjec-
ture of Alexeev and Borisov brothers: (singular) Fano varieties X of fixed dimension d
and with minimal log discrepancy mld(X) > ¢ > 0, belong to a bounded family. This con-
jecture is known if d=2 [1] or X is a toric variety [8]. To a Fano variety X we associate

the «-invariant

. D,
y (X) =1nf{1ct (X; 7) in>1,D,e| — nKX|} .

It is known that y(X) - /(—Kx)4 < d, so the anticanonical volume is bounded above if

the ¢-invariant is bounded away from zero. It follows that the above conjecture reduces
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to two local statements: (i) a lower bound y(X) > y(d, ¢) > 0 and (ii) an upper bound r <
r(d, €) for the smallest integer r > 1 such that rKy is Cartier. The first aim of this paper

is to propose a sharp lower bound y(d, €), and to establish it in the toric case.

Theorem 1.1. Let (X, B) be a toric log Fano variety, with dim X =d and mld(X, B) >

for some integer g > 1. Then

1
EI

. Dy,
y (X,B)=inf{lct| X,B; — );n>1,D,€| —nKx —nB|; > ,
n Ud+1,q
where (upgq)pg=1 is the sequence of integers defined recursively by w 4 =q, upy19=
Up,q(1 + Upg). O

Theorem 1.1 is sharp (see Example 6.3). An interesting feature is that the type of
coefficients of B do not matter. We expect the same bound holds in the non-toric case.
This is easy to see in dimension one, but unclear in dimension two.

The «-invariant can be localized, and defined for polarized log varieties (X, B; H).

One defines

yp (X, B; InH|) = inf lctp (X, B; D),
DenH|

yp(X, B; H)=inf,>1 n- yp(X, B; InH|) and y (X, B; H) = infpcx yp(X, B; H). The second aim
of the paper is to study the variation of lctp(X, B; D) in the variables P, D, as sug-
gested in [3]. The variation of lct(X, B; D) in the variable D is implicit in the work of
Viehweg [20, Sections 5.3, 8.2], where it is assumed that B =0 and X has Kawamata log
terminal singularities, and lct(X, 0; D) is replaced by e(X, 0; D), the largest positive inte-
ger e such that le <lct(X, 0; D). We extend Viehweg's results to the setting of families of
log varieties (X, B). We show that log canonical thresholds are lower semi-continuous
in flat families. In particular, lctp(X, B; D) is lower semi-continuous in two variables
(P, D) € X x |nH|. By projection on to the second factor, we obtain extensions to the log
category of the semi-continuity results of Varchenko [19] and Demailly and Kollar [11].
By projection on to the first factor, we obtain that P+ yp(X, B; |InH|) is lower semi-
continuous and takes only finitely many values. It would be interesting to find out if the
same holds for the asymptotic version P — yp(X, B; H).

We outline the structure of this paper. In Section 2, we introduce families of log
varieties, a logarithmic version of Viehweg's moduli functor (see [13] for a presentation

of Viehweg's and Kollar's moduli functors). We define the boundary of a family only on
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the smooth locus of the family, not on the whole total space (compare with [2]). The
main result is the openness of the locus where the fibers have log canonical singulari-
ties (Theorem 2.8). It follows that log canonical thresholds are semi-continuous in flat
families (Corollary 2.10).

In Section 3, we study the variation of log canonical thresholds Ictp (X, B; D) in
P and D, where D moves in a linear system. The results follow from those of Section 1
applied to the universal divisor of the linear system. We also generalize the product
theorem of Viehweg to distinct factors (Theorem 3.7). To an N-graded convex family of
linear systems A, on a given log variety (X, B), we associate the local a-invariant at x as

follows:

. D,
yx (X, B; A,) :lnf{lctx (X, B; 7) ;n>1,D,¢ An} .

It is very interesting to study the variation in x of this functional (see Question 3.8),
but we can only say little in general. We compute this invariant if X is a curve,
recall some known results, and express it in terms of width. We can say more in the
toric case. In Section 4, we compute the local ¢-invariant in the generic point of the
invariant primes of a toric variety, and show that their minimum is exactly the global
a-invariant (Theorem 4.4). In particular, we can compute combinatorially the ¢-invariant
of a line bundle on a toric variety. With some extra assumptions, this was independently
obtained in [10, Theorem 3.4], with analytic methods.

The main result of Section 4 is Theorem 5.6, a logarithmic effective version of
a diophantine approximation result of Hensley [14, Lemma 2]. The special case g=1
was solved by Averkov [6, Theorem 1.1], and our proof is inspired from his. We also give
sharp versions of the original results of Hensley [14].

In Section 6, we give the sharp lower bound for the e-invariant of a toric log Fano
(Theorem 6.1), a result essentially equivalent to Theorem 5.6. In particular, we obtain an
upper bound for the anti-log canonical volume (Corollary 6.2). Theorem 6.4 extends to
the log category and simplifies the proof of the finiteness of d-dimensional ¢-log canon-
ical toric Fano varieties [8]. We end Section 6 with the simplest examples of toric log
Fano varieties, where we can explicitly compute both the minimal log discrepancy and

the a-invariant, and see their relation with diophantine approximation.

2 Families of Log Varieties

Throughout this paper, we fix a base field k, of characteristic zero. By scheme we mean

a k-scheme of finite type.
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2.1 Relative effective Cartier divisors

Let 7: X — S be a flat morphism of schemes, and D an effective Cartier divisor on X.
Recall that D is called relative over S if one of the following equivalent conditions
holds:

(@) D isflat over S.
(b) for every point x € X and a local equation f for D at x, f does not divide zero
in OXv(x)vX'

(c) foreveryse S, SuppD contains no associated prime of X;.

If the fibers of 7= are reduced, (c) means that SuppD contains no irreducible component
of a fiber of n. If S — S is a morphism of schemes, the pullback of D is a well defined
effective Cartier divisor on X x5 S/, relative over S'.

Let m: X — S be a flat morphism of schemes. An effective Q-Cartier divisor on
X relative over S is a formal product xD, where x> 0 is a rational number and D is an
effective Cartier divisor on X relative over S. If rx < Z, we can write it as %D’, where
D’ =rxD is an effective Cartier divisor on X relative over S.

We will use the following special case of [13, Proposition 3.5].

Lemma 2.1. Let f: X — S be a flat morphism of schemes, whose fibers satisfy Serre’s
property (S;). Let w: U € X be an open subset such that its complement Z satisfies
codim(Zs, Xs) > 2 for every s€S. Let £ be an invertible Ox-module. Then HiZ(E) =0
(i=0, 1), that is L>w.(L|y). a

2.2 Log varieties, log canonical thresholds

Let (X/k, B) be a log variety. Log discrepancies in geometric valuations of X, and mini-
mal log discrepancies in scheme points, or closed subsets of X, are well defined by the
existence of log resolutions (see e.g., [3, 5]). Denote by (X, B);. the largest open locus in X
where (X, B) has log canonical singularities, and (X, B)_., its complement. For an effec-
tive Q-divisor D on X and a scheme point x € (X, B);., the log canonical threshold at x of
D with respect to (X, B) is defined as

Icty (X, B; D) =sup {t>0; mld, (X, B+ tD) >0} .

It is +oo if x ¢ SuppD, 0 if x € SuppD and mld,(X, B) =0, and a positive real number if

x € SuppD and mld,(X, B) > 0. It is rational if so are B, D near x. The reciprocal

px (X, B; D) = 1/lcty (X, B; D)
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is called the Arnold multiplicity at x of D with respect to (X, B). It is 0 if x¢ SuppD,
+o0o if x€ SuppD and mldy(X, B)=0, and a positive real number if xe SuppD and
mld,(X, B) > 0.

2.3 Families of log varieties
A family of log varieties (X/S, B) consists of the following data:

(@) a flat morphism of schemes 7: X — S, such that X; is normal for every
ses;
(b) an effective Q-Cartier divisor B defined on U = U,, and relative over S, where

w: U C X is the open locus where the morphism = is smooth,

satisfying the following property: there exists an integer r > 1 such that rB is Cartier
and the Ox-module w*((Qlt,o/%)W(rB)) is locally free. The smallest r with this property is
called the index of the family.

Here Qlt,o/ps is the top exterior product of 2}, /s, corresponding to the locally con-
stant dimension of the fibers. Property (a) implies that Z =X\ U is the union of the
singular locus of X;, after all s € S. In particular, codim(Z;, X;) > 2 for every s € S. Recall
that normality of a scheme is defined locally, so it does not imply irreducibility. The
fibers of 7 are normal if and only if the geometric fibers X (s € S) are normal, where
k(s) is an algebraic closure of k(s).

Consider a family of log varieties of index r. Forl erZ, [B is a Cartier divisor on

U, and we can define l
®
o = w, ((9;;;1;) ® Oy (lB)) :

The Ox-module w is coherent (EGA IV, Proposition 5.11.1). By assumption, ! is an

invertible Ox-module.

Lemma 2.2. (0™ 5ol for every I € rZ. O

Proof. We have natural multiplication maps o ® 0! - w!*"1. By Lemma 2.1, »® = Oy.
Therefore suffices to show that w! ® o — 0™ is an isomorphism. Indeed, denote

F =" ® 0. Our homomorphism factors as
F — w, (Fly) >,

We have H, (F)=0 (i=0, 1), since o satisfies this property by Lemma 2.1, and " is

locally trivial. Therefore the first map is also an isomorphism. |
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Lemma 2.3. Let (X/S, B) be a family of log varieties of index r. Let g: S'— S be a mor-

phism of schemes. Consider the induced base change diagram

e
X =— X

S =— §
g

Then U, =G~ '(U,), (X'/S, (Gly,)*B) is a family of log varieties over S, and we have
natural isomorphisms
G* (") S (terz). O

Proof. We have G*(.Q}(/S)—X.Ql,/s/. Therefore, U, = G~'(U,) and we have a base change
diagram

Gly
U <=— U

X =— X
e

Forl e rZ, we obtain a natural homomorphism
G* (") = G*w, (245 ®(1B)) — w,(Glv)* (2 ) AB)) > wl (250 5)® (1B)) =,

If we denote this homomorphism by 7' — ¢/, it factors as F' — w..(F'|y)—G'. Since v is
locally trivial, so is F'. By Lemma 2.1, Hiz,(]-'/) =0 (i =0, 1). Therefore, 7' — w,(F'|y) is

also an isomorphism. |

In particular, for every s € S, the fiber X is a normal variety defined over k(s),
rB, is an effective Cartier divisor on U; = X \ Sing(Xy), and if rBy is the effective Weil

divisor which is the closure of B, in X, we have a base change diagram

U, &——— U

Xs &> X
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and an isomorphism
. top '\ &" T
o Sws, (.QUS/,C) (rBs) ) = Oy, (rKyx, +rBy).

Therefore rKy, + rBg is Cartier, so that (Xs, Bs) is a log variety. We think of (Xs, Bs) (s€ S)
as an algebraic family of log varieties parametrized by S. The boundary coefficients may

vary. To simplify notation, we denote B, by B.

Examples 2.4.

(1) Let m: X— S be a smooth morphism of schemes. Then (X/S, B) is a family
of log varieties over S if and only if B= 1D, for some integer r >1 and an
effective Cartier divisor D on X which is relative over S. The fibers are the
log varieties (X,/k(s), 1D|x,) (s€ S).

(2) Let (F/k,Br) be a log variety. Let S be a scheme. Denote by Br x S the
Q-Cartier divisor pj(Bpo), defined on F° x S, where F° is the smooth locus
of F. Then (F x S/S, Br x S) is the trivial family of log varieties over S, with
constant fiber (F, Br).

(3) Let (X/S, B) be a family of log varieties. Let D be an effective Cartier divisor
on X, relative over S. Then (X/S, B 4+ tD) is a family of log divisors for every
rational ¢t > 0.

(4) A family of log curves consists of a smooth morphism 7 : X — S of relative
dimension one, endowed with an effective Q-Cartier divisor B, relative over
S. If r is the index of the family, then rB = D is an effective Cartier divisor on
X which is finite flat over S. ]

Lemma 2.5. Let 7: X — S be a flat morphism of schemes with normal fibers, and S
smooth over k. Then (X/S, B) is a family of log varieties if and only if (X/k, B) is a log
variety and the boundary supports no irreducible components of fibers of =. Moreover,

they have the same index r, and 7*w§); ® wE;](/S,B) ~ wES](/k’B). O

Proof. Since S and the fibers are normal, so is X. Let U = U, be the smooth locus of =.
It follows that codim(X \ U, X) > 2. In particular, IB is Cartier on U if and only if B is a

Weil divisor on X. We have a short exact sequence

0— n*.Qé/k—> .Qll]/k—> .{2[1]/5—> 0.
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It induces an isomorphism 7*2g%, ® 2,75~ 2,4 If 1B is Cartier on U, we obtain an

isomorphism
* QI

] ~ ol
T wg/x @ Wix/s ) = Ox/k B
Therefore, “)El;(/s,B) is locally free if and only if w?)]{/k,B) is locally free, and the first claim

follows. The second follows from the first. |

Lemma 2.6. Let (X, B) be a log variety. Let f: X — S be a morphism, with S a reduced
scheme. Then there exists an open subset ¢ # V C S such that (X, B)| r1y — V is a family

of log varieties. O

Proof. We may shrink S to an open subset, so that Sis smooth, and fis flat with normal
fibers. Let U C X be the smooth locus of f. Let r > 1 such that rKx + rB is Cartier. We
may further shrink S so that the effective Cartier divisor rB|y becomes flat over S. By

Lemma 2.5, (X/S, Bly) is a family of log varieties. |

Lemma 2.7. Let n: (X, B) — S be a family of log varieties. Let S be regular at s, and
choose a regular system of parameters (k;); for Oss. The following are equivalent for

x e X;:

(a) the fiber (X;, B;) has log canonical singularities near x;
(b) the log variety (X, B + 7*X;) has log canonical singularities near x, where
Y= Zi div(h;). O

Proof. Let S'=div(h;). It is defined locally near s, but we may shrink S to a neighbor-
hood of s. Let X' =n*(S), n’: X’ — S’ the induced morphism, and B’= B|y_,. The base
change data (X', B') > S’ 35, (hi|s)ix; satisfy the same properties. Now (X, B+ X') is a
log variety with lc center X’, a normal Cartier divisor in X. Therefore, the different is

zero, and the codimension one adjunction formula is
(Kx+B+X)|x=Kx +B.

If we denote X} = Z#J. div(h;), we obtain (Kx + B + 7*X5)|x = Kx + B’ + n'* X.. By Inver-
sion of Adjunction [15], (X, B + n*X;) has log canonical singularities near x if and only
if (X', B'+ 7" X)) has log canonical singularities near x. Iterating this argument proves

the equivalence. |

Theorem 2.8. Let 7: (X, B) — S be a family of log varieties. Then the set of points xe€ X

such that (X, Br(x)) has log canonical singularities at x, is open in X. O
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Proof. We have to show that the complement Z () = Uscs5(Xs, Bs) oo is closed in X. For
this, it suffices to construct a non-empty open subset ¥V C S such that the restriction
Z(m)|7w~1(V) is closed. Indeed, replacing Sby S'= S\ V and 7 by the induced base change
family, we have

Zm=(Z@m|x ' (M)UZ(xlS).

By Noetherian induction, Z(|S) is closed. Therefore Z(x) is closed.

It remains to prove the claim. For this, we may base change with the reduced
structure on S and then restrict to the regular locus. Therefore, S is regular. By
Lemma 2.5, (X, B) is a log variety. We show that we have an inclusion (X, B)_, € Z (),
which is an equality over some non-empty open subset of S.

For the inclusion, let x€ X\ Z(x), so that (X, Bzy) has log canonical singu-
larities at x. By Lemma 2.7, (X, B + n*X;) has log canonical singularities at x. Therefore,
(X, B) has log canonical singularities at x, that is x ¢ (X, B) _.

By Hironaka, there exists a desingularization x: X’ — X and a normal crossing
divisor ) ; E; which supports B’ = u*(Kx + B) — Kx. After shrinking S to an open sub-
set, the morphism (X', )", E;) > S becomes log smooth: X' — S is smooth and ) ; E; is a
relative normal crossings divisor. In this case, we show that the inclusion is an equality.
Assuming (X, B) has log canonical singularities at x, we have to show that (Xs, Bs) has
log canonical singularities at x, where s =7 (x). We may shrink X to a neighborhood of
x, and suppose (X, B) has log canonical singularities. That is the coefficients of B’ are
at most 1. By an iteration of adjunction using a local system of parameters at s (see

Lemma 2.7 and its proof), we obtain
wi (Kx, + Bs) = Kx, + B,

where B; =), b;Ei|x . Since (X', ) ; E;) — S is log smooth, a prime divisor on X is con-
tained in at most one E;. Therefore, the coefficients of B, are some of the b;'s, so at most

1. Therefore, (X;, Bs) has log canonical singularities at x. [ |

Proposition 2.9. Let 7: (X, B) — Sbe a family of log varieties whose fibers have at most
log canonical singularities. Let D be an effective Cartier divisor on X, relative over S.
Then the function X > x> lcty (X, (x), Brx; D) is lower semi-continuous and takes only

finitely many values. U

Proof. Fix t>0. Then ICtX(Xﬂ(X), Bn(x); Drr(X)) >t if and OHIY if (er(x), Bn(x) + tDﬂ(X)) has
log canonical singularities at x. Since (X, B + tD|y) — S is a family of log varieties, the

locus of such xis open by Theorem 2.8. Therefore the function is lower semi-continuous.
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To show that the function takes only finitely many values, it suffices to prove
this holds over some open non-empty subset of S (by Noetherian induction). Then we
may assume Sis reduced and regular. Let X’ — X be a desingularization, endowed with a
normal crossing divisor ) ; E; which supports both B'=u*(Kx + B) — Kx and D’ = u*D.
We finally shrink S to an open subset such that (X', }"; E;) — S becomes log smooth. We

have

wi (Kx, + Bs + tDs) = Kx, + B, + tD;,

and the coefficients of B; + tD; are some of the b, + td,. Therefore each lct, (X, Bs; Ds)
is either 400, or the largest ¢>0 such that b, + td; <1 for certain i. They belong to a
finite set. [ |

Corollary 2.10. Let 7: (X, B) — S be a family of log varieties. Let Z C X be a closed
subset, such that Z — S is proper surjective, and (X, Bs) has log canonical singularities
near Z; for every s € S. Let D be an effective Cartier divisor on X, relative over S. Then the
function S>3 s+ lctz, (Xs, Bs; Ds) is lower semi-continuous and takes only finitely many

values. O

Proof. By Theorem 2.8, we may shrink X near Z, so that the fibers of = have
log canonical singularities. Denote y (x) =lcty(X; (). Brx; Dz(x)- Then lctz (Xs, Bs; Ds) =

min,ez, y(x), and
{s€S; lctz, (X5, Bs; Dy) <tl=m(ZN{xeX; y(x) <t}).

So it follows from Proposition 2.9. |

3 Lct-Variation in a Linear System

Let (X/k, B) be a log variety. We assume k is algebraically closed. Let A be a non-empty,
finite dimensional linear system on X. That is £ is an invertible Ox-module, V C I'(X, £)
is a non-zero finite dimensional k-vector subspace, and A is the family of divisors of
zeros of sections in V. Using a basis of V, we may identify A with P}, where n is the
dimension of A. Inside X x A we have the universal divisor H, given by Z?:o si(x)A; =0,

where sg, ..., S, is basis of V over k.

Proposition 3.1. The function (X, B);c x A — [0, o], (P, D) + lctp(X, B; D) is lower semi-

continuous and takes only finitely many values. O
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Proof. Denote ¥ =Xx X x A, S=X x A, and 7w = py3: X — S the projection on the last
two factors. Let o be the section of 7 which is the diagonal on X and the identity on
A. Let B=p{B and H = pj{;H. Then n: (X,B) — S is a family of log varieties, o is a
section of 7, and H is an effective Cartier divisor relative over S. For s= (P, D) € S, the
fiber (X§, Bs + tHs) is isomorphic to (X, B + tD) and o(s) € X; corresponds to P € X. If
we restrict the family to (X, B);; x A, it becomes log canonical, and Ict, ) (Xs, Bs; Hs) =
Ictp (X, B; D). We conclude by Proposition 2.9. |

Example 3.2. lctp(X, B; D) < +o0 if and only if (P, D) € H. [l

Example 3.3. Endow the affine line A} with a boundary B=)_, bpP, where bp €10, 1],
and only finitely many are non-zero. Let fj, ..., f, € klt] be polynomials, linearly inde-
pendent over k. They induce a linear system A = {DA = div( > Aiﬁ); A €P"}. Denote by 9
the canonical derivation of k{t]. Then lctp(A!, B; D;) < t if and only if i B—%Ai =0 for

every integer 1 <m < %. O

Theorem 3.4. Let x € (X, B);. be a scheme point. The function lcty(X, B;-): A — [0, +0o0]

is lower semi-continuous and takes only finitely many values. |

Proof. We have lcty(X, B; D) =maxpczlctp(X, B; D). By Proposition 3.1, it takes only

finitely many values. For ¢t > 0, we have
{De A;lcty (X, B; D) <t} =Npex{D € A; Ictp (X, B; D) < t}.

Each term on the right-hand side is closed, by Proposition 3.1. Therefore the left-hand

side is also closed. [ |

In particular, lct,(X, B;-) attains its maximum (respectively, minimum) on a

dense open (respectively, special closed) subset of A. Define
vx (X, B; A) =minlcty (X, B; D).
DeA
Denote ux(X, B; A) =1/yx(X, B; A), so that u,(X, B; A) =maxXpea ix(X, B; D).

Theorem 3.5. The function (X, B);c — [0, +o<l, P — yp(X, B; A) is lower semi-continuous

and takes only finitely many values. O

Proof. By Proposition 3.1, the values belong to a finite set. And {Pe€
(X, B)ic; yp(X, B; A) <t} is the projection on the first factor of {(P, D) e (X, B);c x
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A; yp(X, B; D) < t}. The latter is closed by Proposition 3.1, and since A is proper over k,

it follows that our level set is closed. [ |

Theorem 3.6. Let Z C X be a closed subset such that Z/k is proper and (X, B) has log
canonical singularities near Z. The function A — [0, col, D — lctz (X, B; D) is lower semi-

continuous and takes only finitely many values. O

Proof. Denote XY =X xx A, S= A, and n: X — S the second projection. Let B= p{B and
H C X x A the universal divisor. Then 7: (X, B) — S is a family of log varieties, H is
an effective Cartier divisor relative over S, Z=27 x S is a closed subset of X which is
proper over S. For s=[D] e S, the fiber (Xs, Bs + tH;) is isomorphic to (X, B 4+ tD) and
Ictz, (Xs, Bs; Hs) =lctz (X, B; D). We conclude by Corollary 2.10. [ |

In particular, lctz (X, B; -) attains the maximal (respectively, minimal) value on a

dense open (respectively, special closed) subset of A. Define
yz (X, B; A) =minlct; (X, B; D).
DeA

If X/k is proper, denote yx(X, B; A) by y(X, B; A). Define similarly uz(X, B; A) and
w(X, B; A).

Theorem 3.7. Let (X;/k, B;) be finitely many proper log varieties, with log canoni-
cal singularities. Let |L;| be non-empty complete linear systems on X;. Let X=][; X;,
B=),pi(B)), L=), pf(L;). Then the product log variety (X, B) has log canonical
singularities, the complete linear system |L| is non-empty, and y (X, B;|L|) =min;
y (Xi, Bi; |Lil). O

Proof. By induction, suffices to consider only two factors.

Let D;e|L;|, for i=1,2. Let t; >0 be maximal such that (X;, B; +t;D;) has
log canonical singularities. Set t=min(4,%) and D= p{D;+ p;D,;. Then De|L]
and t is maximal such that (X, B +tD) has log canonical singularities. There-
fore, y <lct(X, B; D) =t. Taking minimum after all members, we obtain y (X, B; |L|) <
min; y(X;, B;; |L;]).

Suppose by contradiction that y (X, B; |L|) < min; y(X;, B;; |L;|). That is, there
exists D € |L| and t <min; y(X;, B;; |L;]) such that (X, B + tD) does not have log canoni-
cal singularities. Denote Z = (X, B + tD)_o. It is a proper subset of X. If we show that

Z =n;'n;(Z) for every i, it follows that Z =, a contradiction.
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We prove the claim for the second projection 7: X — X,. Choose a closed point
P € X, and suppose Xp ¢ Z. We will show that Xp N Z =¢. Indeed, by Hironaka's flatten-
ing, there exists a desingularization g: X, — X, such that the induced Cartier divisor
D' on X' = X; x X, admits a decomposition D' = D" + n*(D;), where D” is an effective
Cartier divisor on X' relative over X, and D, is an effective Cartier divisor on X, with
normal crossing support.

Choose a point Q € g~!(P). Since D"|x, € |L;| and t <y (X1, By; |L1]), the log vari-
ety (X1, By + tD"|x,«xq) has log canonical singularities. This is the fiber at Q of the family
of log varieties (X'/ X}, p{(B:1) + tD"), so by Lemma 2.7, the log variety (X', p{(B1) +tD" +
7" ¥ ) has log canonical singularities near X/, where X, is any local divisor cut out by
a regular system of parameters of Ox, q.

On the other hand, (X, B +tD) has log canonical singularities at the generic
point of Xp. Therefore (X', B’ + tD’) has log canonical singularities at the generic point
of X,,. Let g*(Kx, + Bs) = Kx, + Bj. It follows that (X, B, + tD>) has log canonical singu-
larities. Therefore, B, + tD;, < ¥ for some choice of local parameters at Q. We deduce
that (X', pi(B1) + tD” + n"* (B} + tD,)) has log canonical singularities near X|,. That is
(X', B’ + tD’) has log canonical singularities near X/,. This holds for every Q € g7*(P), so
we deduce that (X', B’ + tD’) has log canonical singularities over an open neighborhood
of g7'(P). Since (X', B’ + tD’) — (X, B + tD) is log crepant, it follows that (X, B + tD) ha.s

log canonical singularities near Xp, thatis Z N Xp =¢.

3.1 Graded case

Let L be a Q-Cartier divisor on X such that |[nL| # @ for some n> 1. Let x€ (X, B);c be a

scheme point. The a-invariant at x of L with respect to (X, B) is defined as
. Dy,
yx (X, B; L) =inf {lcty X,B;; i n>1,D,€e|nL|¢.

Question 3.8. Is (X, B);c > x+> yx(X, B; L) is lower semi-continuous, with finitely many

rational values? O

Let m=>1 such that mL is Cartier and |mL|#@. Then (X, B;L)=
infm\nnVX(X, B; InL]).
Lemma 3.9. If dimX=1, degL >0 and x€ X is a closed point, then y4(X, B;L)=

1-by
degL " 0

Proof. We may suppose by <1. Let mL be Cartier and |mL|##. Let g be the genus

of C. Recall that any complete linear system of degree g is non-empty. Let m | n and
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ndeg L > g. Then |nL — (ndeg L — g)x| # @. Therefore

deg L g deg L
- X X’ B; = .
o 1_bxsu( InL|)<n1_bX
Dividing by n and letting n— oo, we obtain the claim. [

Proposition 3.10 ([16, Theorem 6.7.1]). Suppose X? is proper and L is a nef and big
Q-divisor. Then yp(X, B; L) - /(L% < d for every P € (X, B);c. O

Proof. We may scale L and suppose it is Cartier. Let 0 < ¢ < /(L% be a rational number.
Since h%(nL) = (Ld)g—f +0m*) and (™9 = cdg—T + 0(n% 1), there exists an integer n>1
such that nce Z and K°(nL) > (”C:{d).

Let Q € X\ (SingX U SuppB). The evaluation map I'(X, nL) — (’)a/m'(’fJrl has non-
trivial kernel, by dimension count. Therefore there exists D € |nL| such that multy(D) >
nc. Let (X, B + y D) be maximally log canonical at Q. Let v be the valuation induced by the
exceptional divisor of the blow-up of Q € X. Then 0 <a(v; X, B+ yD) =d — ymult,(D) <
d — ync. Therefore y < %. We conclude yq(X, B; |[nL|) < %.

Since the points Q are dense in X, Theorem 3.5 gives yp(X, B; |nL|) < % for
every P € (X, B);c. Then yp(X, B; L) <nyp(X, B; |nL|) < g for every P € (X, B)j.. Letting ¢
converge to \d/@, we obtain the claim. [ |

If X/kis proper and (X, B) has log canonical singularities, define the a-invariant
of L with respect to (X, B) as

. D,
y (X, B; L) =inf {Ict X,B;T i n>1,D,e|nL|;.
Question 3.11. Does mld(X, B) > 0 imply y (X, B; L) > 0? O

For example, y(X, B; L) = %ﬁm if X is a curve and L % 0 (by Lemma 3.9). If X
is smooth, B =0, and A is a very ample divisor on X, the argument of [20, Corollary 5.11]

shows that y(X,0; L) > m. Theorem 3.7 gives the following corollary.

Corollary 3.12. Let (X;/k, B;) be finitely many proper log varieties, with log canonical
singularities. Let L; be Q-Cartier divisors such that |mL;| # @ for some m > 1. Let X =
[l; Xi, B=)", pf(B;), L=, p{(L;). Then the product log variety (X, B) has log canonical
singularities and

y (X, B; L)=miny (X;, B;; L;) . a
1
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3.2 The a-invariant in terms of width

Let X be a normal variety. Let A be a non-empty, finite dimensional linear system on X.

For a prime divisor E C X, define the width of A at E as
wg (A) =sup {multg (D); D€ A}.

It is a non-negative integer, zero if and only if E is not a fixed component of A and
PA(E)=¢(X).If f: X' — X is a proper modification and E C X' is a prime divisor, define
the width of A at E as wg(f*A). It depends only on the valuation of X defined by E
(called geometric valuation of X).

Let L be a Q-Cartier divisor such that mL is Cartier and |mL| # ¢ for some m > 1.
Let E be a geometric valuation of X. Define the width of L at E as

wg (|nL])

wE(L)=sup{ ,mln}.

If X is proper, wg(L) =0 for every geometric valuation E of X if and only if L ~¢ 0. If X
is projective of dimension d, A is a very ample divisor on X, and E is a prime divisor
on X, then wg(L) < (L - A% ). It follows that if X is proper, then wg(L) is a non-negative
real number, for every geometric valuation E of X. By definition, the following formulas
hold:

— Let (X, B) be a log variety, A a non-empty finite dimensional linear system on

X. Let E be a geometric valuation of (X, B);.. Then

00, wg (A)=0
— 2 wg(A)>0
wg (A)

— Let (X, B) be a proper log variety, with log canonical singularities. Let L be a
Q-Cartier divisor such that mL is Cartier and |mL|# @ for some m > 1. Then y(X, B; L)

is the infimum of yg(X, B; L) after all geometric valuations E of X. Equivalently,

+00, L~qg0

)/(X,B,L): a(E;X,B)

, L 0
(L) 7Q

inwa(L)>0

4 The «a-Invariant on Toric Varieties

Let (X/k, B) be a toric log variety with log canonical singularities. That is X/k is a toric

variety, B is an effective Q-divisor which is torus invariant, Kx + B is Q-Cartier and
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(X, B) has at most log canonical singularities. Due to the existence of log resolutions in
the toric category, the latter condition is equivalent to B =), b; E;, where E; are the torus
invariant prime divisors of X and b; € [0, 1] N Q. We have a(E;; X, B) =1 — b;. Throughout
this section, we also assume that X/k is proper.

Let L=) ,l;E; be a torus invariant Q-Cartier divisor. Recall that I'(X, L) =
Bmemr, k- x™, where O, =N;{m € Mg; (m, e;) +1; > 0} and {g;} = Ax(1).

Let VC I'(X, L) be a non-zero, torus invariant k-vector subspace. There exists a
finite set AC M Ny such that V=@c2k- x™. Let A={(f)+ L; fe V\O0} be the corre-

sponding linear system.
Lemma 4.1. wg,(A) is attained by a torus invariant member, computed by the formula:
wg, (A) =max(m, ) +1;. O
meA

Proof. Lett>0. The set {fe V; multg ((f) + L) >t} is a torus invariant vector subspace
of V. So it is non-zero if and only if it contains x™ for some m € A. It follows that the
maximal (also minimal) value among multg, (D) (D € A) is attained within the subset
multg, (x™) + L)=(m,e) +1; (me A). |

We have wg, (A) =0 if and only if A is contained in the hyperplane (-, ¢;) +1; =0. It
follows that we can compute yx(X, B; A) for every torus invariant codimension one point
x € X. Indeed, x is the generic point of some Ej, and yg (X, B; A) is +o0 if wg,(A) =0,
1-b; -7 otherwise. Proposition 4.2 states that only these valuations determine

maXmea(m,e;)

y (X, B; A).

and

Proposition 4.2. y(X, B; A) =min; yg,(X, B; A). In particular, y (X, B; A) is attained by a

torus invariant member of A. O

Proof. The inequality < is clear. For the converse, let t <min; yg,(X, B; A) and D € A.
We have to show that (X, B + tD) has log canonical singularities.

Let u: X' — X be a toric birational modification which is an isomorphism in codi-
mension one, and such that X’ is Q-factorial. The toric varieties X, X’ have the same
invariant prime divisors, and therefore we may pullback our data to X'. Therefore we
may suppose X is Q-factorial.

The conclusion is local on X, so we may shrink X to a torus invariant affine
open neighborhood U of a fixed point. Thus U = Tyemb(c), where o is a simplicial
cone in Ng which generates Ng. Let N’ be the lattice generated by the primitive vec-

tors e; € N which generate the extremal rays of o. The inclusion N'C N induces a
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toric morphism 7: U’ — U which is finite, and étale in codimension one. We have
U, U\T)x~ (Ag, Z?:l Hj), where H; are the standard hyperplanes of the affine space.
We have t*(Kx+ B +tD|y) = Ko+ Z?:l bjH; +tD’. We may suppose [t*L]=0, and
therefore (A9, Z‘}l:l bjH; +tD' = Z‘;:l b;H; + t{D'} + t|D']) has log canonical singulari-
ties by Lemma 4.3. Therefore (X, B + tD) has log canonical singularities on U. ]

Lemma 4.3. Let H; be the standard hyperplanes of the affine space Ag. Let b; €10, 1],
t>0, and 0+# P €klz, ..., z4] such that degZi(P) < 1%@ for every 1 <i <d. Let D be the

divisor of zeros of P. Then (AZ, Zle b;H; + tD) has log canonical singularities. O

Proof. Denote w; =deg, (P). Consider the product of log varieties ]_[le(]P’l, b; - 0). We
have y (P!, b; - 0; |O(w;)|) = % > t. By Theorem 3.7, y(]_[le(]P’l, b; - 0); |O(wy, ..., wg)|) >t.

Now P defines a divisor D' € |O(wy, ..., wg)|. Therefore ([]; P!, K;b; - 0 + tD’) has
log canonical singularities. After restricting to the complement of X;00, we obtain that

(Ag, Zle b;H; + tD) has log canonical singularities. [ ]

Suppose now that |nL| # @ for some n> 1, that is [0y #@. The width of L at E; is
computed by the formula

wg, (L) = rlgle%x(m, e) +1;.
L

Letr > 1 be the smallest integer such that the extremal points of r[J; belong to the lattice
M (i.e., I'(rL) ® I'(nL) — I'((r + n)L) is surjective for n>> 0). Then wg, (L) = M
The width of L at E; is zero if and only if OJ; is contained in the hyperplane
(-, &) +1;=0.In this case, yg (X, B; L) = 4o00. If wg,(L) > 0, then
(X,B:L)= 1-bi
T T e @
Proposition 4.2 for the complete linear systems |nL| gives the following theorem.

Theorem 4.4. y(X, B; L) =min; yg,(X, B; L). In particular, y (X, B; L) is attained by some
invariant member (x™) + L (m € Mg N0Oy). O

Recall that the stable fixed multiplicity of L in E; is defined as

multg. (D
L(");nz 1,D, e |nL|}.

Je (L) = inf{

In our toric setting, it has the following combinatorial formula:

fe, (L) = min (m, &) + ;.
mell;
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It is zero if and only if E; is not fixed by |nL| for some n> 1. More precisely, rfg (L) =
multg Fix(|rL|), where r is defined above.

Recall that the width of a convex set JC Mr along a direction e€ Nk \ O is
defined as w((J; ) =sup{(m’, e) — (m, e); m/, m € [1}. We obtain the identity:

w(Oz; &) =wg, (L) — fg (L).

Corollary 4.5. Let (X, B) be a proper toric log variety with log canonical singularities.
Let L be a torus invariant Q-Cartier divisor such that the linear system |nL| is mobile

for some n> 1. Then

y(X,B;L)=sup{t>0;t ([, —Oy) SO _g,—5}. O

Proof. We have t(0; — O;) CO_k,_p if and only if t(0;, — m) CO_g,_p for every m e Oy,.
Since —Kx — B=) ,(1 — b;))E;, this is equivalent to t(m'—m,e)+ 1 —b; >0 for every
invariant prime divisor E; C X, and m, m' e[ J;. Equivalently, t- w(Or; ) <1 —b; for
every i. By assumption, fz (L)=0 for every i. That is w((;; ;) = wg,(L). The condition
becomes t - wg, (L) <1 — b; for every i, that is t <y (X, B; L), by Theorem 4.4. [ |

Lemma 4.6. Let (X, B) be a proper toric log variety, with log canonical singularities. Let

L be a torus invariant Q-Cartier divisor such that |nL| # ¥ for some n> 1.

(@) X> P yp(X, B; L) is lower semi-continuous, and takes only finitely many
values.

(b) Let Pe X\ T be a closed point outside the torus. Let O be the generic
point of the unique torus orbit which contains P. Then yp(X, B;L)=
yo(X, B; L). O

Proof. (a) Fix t>0. Then {PeX,yp(X,B;L)<t}=Uy1Z(t,n), where Z(t,n) =
Up,epns| (X, B + %Dn),oo. Each Z(t,n) is torus invariant. And is closed by Theorem 2.8
applied to the universal divisor of |nL|. Since X contains only finitely many closed torus
invariant subsets, Z(t, n) belong to a finite set. Therefore, U,Z(t, n) is closed in X. We
conclude that P — yp(X, B; L) is lower semi-continuous. The function is constant on the
torus orbits, and since X has only finitely many orbits, we conclude that the function
takes only finitely many values.

(b) The inequality < is clear. For the converse, let t < yo (X, B; L). Then Z(t, n) is a
closed torus invariant subset of X which does not contain the generic point of the orbit
O. Therefore Z(t, n) is disjoint from O. Therefore t < yp(X, B; L). [ |
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5 Hensley-Type Diophantine Approximation

The main result of this section is Theorem 5.6, the combinatorial statement behind
Theorem 6.1. This technically looking statement may be reformulated in terms of
approximating a point on the real torus by its multiples (see the examples of Section
5, especially Lemma 6.8). Theorem 5.6 provides an effective way to show that if the ori-
gin is the unique interior lattice point of a certain polytope, then it cannot be too close
to the boundary of the polytope. The interested reader should consult [6-9, 14, 17] for

more on this topic.

5.1 Geometry of numbers [12]

Let V ~R% be a finite dimensional R-vector space. Let V* be the dual vector space. The

dual of a non-empty convex set [1C V is defined as
D*:{U*GV*; (v*,v)+leVv€D}.

It is closed, convex subset of V*, containing the origin. The Duality Theorem states that
if (0 is compact convex and contains the origin in its interior, then ((0*)* =[.

Let 00 C V be a compact convex set. Let P €[] be a point. Denote
y(Pel)=supf{t=0;P+t(I-0O)clj.

It is a well-defined non-negative real number, zero if and only if P does not belong to
the relative interior of [J. We can think of y (- € J) as a distance function to the boundary
of OI.

Suppose dimJ=dim V and P is an interior point of 0. For each v € V' \ O, there
exist [7,1” > 0 such that P +1"v, P —["v € 0J. The supremum of the ratio I*/l~, after
directions v € V' \ 0, is called the coefficient of asymmetry of O about P, denoted c(P €

). We have
1

v PeD=1Crecoy

By definition, c(P € 0) > 1. Therefore y (P € ) < 1, and equality holds if and only if O is
symmetric about P.

If 0 is an interior point of a compact convex set (], then so is 0 e (J*, and y(0 €
) = y(0 € O%).

Suppose [J is a compact polytope and P is an interior point. To compute
c(P €) it suffices to consider the directions v such that P + Rv contains some ver-

tex of [. In particular, the supremum in the definition of ¢(P € [0) is a maximum. And
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if both P and O are rational with respect to some lattice A with A ®; R=7V, then
c(P €) e Q. Fixing a line which attains the maximum and passes through a vertex of
O, we can apply Caratheodory’s Theorem to the other boundary point, and obtain the
following statement (called the simplex trick): there exists a simplex S (with dim S <
dim V), with vertices among those of [J, containing P in its relative interior, and with
c(Peld)<c(Pe S).

If S is a simplex and P has barycentric coordinates (y;); with respect to the
vertices of S, then y (P € S) =min; y;.

We will use an asymmetric version of Minkowski’s first theorem (cf. [12, Theorem
2, p. 52]).

Theorem 5.1. Let [ c R? be a compact convex set, containing the origin in the interior.
Then

1Z¢ N int () | > y (0 € O)%volz (O). O

Proof. Denote y =y (0 ). Let k>0 be the largest integer such that volz«(y[) > k. By
Van der Corput's Theorem (see [12, Theorem 1, p. 47]) applied to (y —€)0 (0 <e K 1),
there exist pairwise distinct elements vi,...,vg1 in the interior of y[J, such that
v; —vj e Z? for all i, j. Since y — y(J C [, it follows that (v; — v1)¥!} are k4 1 vectors in
7% N int(0). Therefore, |Z¢Nint(0d)| > k+ 1. This proves that |Z¢ N int(0)| > volz(yOd) =
y *volza(0). [ |

The original Minkowski's first theorem asserts that if [J is symmetric about the
origin, that is (0 € 0) = }, then {0} C Z¢ N int(D) if volz(0) > 2%

5.2 Diophantine approximation

For positive integers p, q, define integers u,, recursively as follows: u; 4 =¢, Upt1,4=

Up,q(1 4 Upq). The following properties hold:

p 1 1 _ _1 p L) — UYptlag
o i=1 I+yq ~ g Upt1,q ' i=1(1 + u’hq) - q
p_1 _1_ p _1
L4 i=1 T4u, 1 q Zi:l 14+uq "

e qlupgandged(l+upg, 1 +uyq) =1for p#p.

The sequence (1 + up 1) p-1 =(2, 3, 7,43, ...) is called the Sylvester sequence in the
literature, and t, 4, =1 + up 4 was also considered in [17]. And u, 4 can be expressed as a

polynomial in g, with leading term 2" .
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Lemma 5.2. [18] Let d be a positive integer. Let x; >--->x3>0and y3 >--- > yg3>0 be
real numbers such that [T, x; > []._, y for every 1 <l <d. Then Y% x>Y% y, and

equality holds if and only if x; = y; for every i. |
Lemma 5.3 (cf. [18]). Let d, g be positive integers. Let x; >--->x3>0 be real numbers
such that [[\_, x <1 —¢gY L IXL for every 1 <l <d. Then Zl x<Yd 1+u, , and equal-
ity holds if and only if x; = for every i. ]
Proof. Denote y; = ——. We show by induction on d that Zl L X > Zl . Vi implies y; =

for all i.

Let d=1. Then x; <1 — gx; is equivalent to x; < y3.

Let d> 1. We have ]—[fl:1 x<1-— quZl x<1-—gq Z?:l Vi = ]_[f:1 v;. Therefore, we
may define ! to be maximal with the property [[..; % <[[;5; - We distinguish two
cases:

Case l=d. Then x4 < yz. Then Y% x, > Y% y;. By induction, y; = x; for i <d. It
follows that y; = x5 too.

Case I < d. By the maximality of [, it follows that ]—[f:l X < l—[f:l y; for every I <
k<d, and the inequality is strict for k <d. Lemma 5.2 gives Zle X < Z?:l ¥;. But then

Zl VX < Zl 1 ¥i. By induction, this is a contradiction. |
Lemma 5.4. For indeterminates Ti, ..., Ty, the following formula holds:
14+ T 1 1
1 1+ T, 1 da 1\.2
aot| o :<”ZE [z
. . . i=1 i=1
1 1 14Ty 0

Proof. We use induction on d. The case d=1 is clear. Let d> 2. The determinant is of the
form ¢, T} + ¢y, where ¢y, ¢; are polynomials in Ty, ..., Ty. The constant term is obtained

by setting T; =0, and we compute ¢y = ]_[?=2 T;. The other term is the difference

14T 1 1 T 1 1

1 14+ T, 1 1 14T 1
det ) ) . —det

1 el 14Ty 1 e 1 14Ty
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We compute the determinants using the formula by permutations o of {1,...,d}.
If o0(1)#1, the corresponding difference is zero. Therefore, c; = (1 + T1)detg_; — T}
dety ; =dety ;. By induction, ¢ =Y %, [Tzia T]-+]_[§1:2 T;. Then the determinant is

>, [T+ [T, T+ [1.1 Tj, so the desired identity holds for d. [
Lemmab5.5. Letx,...,x3>0andcy,...,cg>1suchthatl — ]_[fi:1 X < Z?:l ¢x; < 1. Then
there exists ze N4\ 0 such that ﬁ < x; for all j. O

Proof. Consider the convex set U = {z€ R% || Az| < 1}, where A is the d x d matrix

1
cp — — Cy Cd
Xi
1
C1 Cy — — Cd
X2
1
c e Cal G
Xd
and the norm | - ||, is the maximum absolute value of the components. By Lemma 5.4,
we compute
1-— CiX;
det A= (-1 —&=i 2% 2 %
1_[1 X

By assumption, 0 < |det A| < 1. Then volz«(U) = > 24, The convex body U is sym-

A
metric about the origin. By Minkowski's first tht‘aie;el‘n, there exists 0#£ze Z¢NU. That
is ze Z4\ 0 and Y Gz — %| <1 for every j. We may suppose ) ; ¢;z > 0, after possibly
replacing z by —z.

The inequality ) ; ¢z — % <1 gives % > —1, that is z; > —x;. Since ¢ >1, we
obtain Zle X; < 1. In particular, x; < 1. Therefore z; > —1, that is z; > 0.

The other inequality —1 <), Gz — % is equivalent to #fl% < X;j. [ |
The following statement is the effective version of [14, Lemma 2.4]. The caseg=1

was obtained in [6, Theorem 1.1].

Theorem 5.6. Let g be a positive integer letl1<c,...,cg<q.Letx;>-.-->x;3>0 such
that Z;jzl X > Zfl 1 1+m . Suppose X; # — 1+m for some i. Then there exists ze N¢\ 0 such
that 5 :izfc < x; for every j. O

Proof. We may suppose Y%, x; < 1. By Lemma 5.3 for ( ),, there exists 1 <l <d such
that [T, x> q H1- ! _1 X%). In particular, M., x> (]_[i=1 a)(1 - Y X;).
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i ; 1 CjZj
By Lemma 5.5 for (’Ci)l there exists ze N* \ 0 such that FZJ:JITzl <x; forall 1<
J<l.Setz;=0for j>1. Thenze N¢\ 0 satisfies the claim. [ ]

5.3 Upper bound for coefficient of asymmetry

The case g =1 of the following result was obtained in [7, Theorem 2.1].

Theorem 5.7. Let g be a positive integer. Let N be a d-dimensional lattice and S a
simplex with vertices in N such that N N int(éS) ={0}. Theny(0€ S) > #, and equality
-q

holds if and only if there exists an isomorphism N ~ Z¢ which maps S to the convex hull

of ey, ..., ey where ey, ..., ez is the standard basis of Z¢ and ey = — Z?:I i‘_‘ﬁ;q e. O
q
Proof. Letug,...,vqgbethe vertices of S. Let 0= Z?:o y;v; be the barycentric coordinates

of the origin. Suppose yp = min; y;.

Suppose by contradiction that y(0 € S) < #Lq. That is yp < #14‘ Then Y%, y; >
Zl‘il 1544' By Theorem 5.6, there exists ze N4\ 0 such that #Zi"qzj <y; (1<i<d). Set
7o =0 and denote |z =), z. We have

—q Zzivi = Z (A +qlz) vi — qz) vi.

On the right-hand side, the coefficients of v; are positive, and add up to 1. Therefore
—q ) ; zv; €int(S). Thatis — ), zv; e NN int(éS) \ 0, a contradiction.

We conclude that y, > #Lq. Suppose now that y = #l_q. The above arguments
and Theorem 5.6 give y; = ﬁ for 1 <i < d. We obtain the barycentric coordinates

d

In particular, ) ;_, ﬁ(vi — vg) = —vp € N. Since (1 + u; 4); are pairwise relatively prime,
.q

we obtain ﬁquTq(Ui — vg) € N for every i. Since g | u; 4, we deduce v; — v = (1 + y; g)w; for

some w; € N. The vectors wy, ..., wqg € N are linearly independent, and vy = —q Z?zl w;.
d . . d .

. 1+1w,q < % implies vo + > i;(0, 1lw; C 1nt(}15). Let x; € (0, 1]

such that Zle x;w; € N. Then vg + Z?:I xw; € NN int(%S). Therefore vg + Zle x;w; =0.

Therefore x; = 1 for all i. We conclude that wy, ..., wg is a basis for the lattice N.

The inequality )

But v; = (1 + ;o) w; — Z‘;:l qu;=3;ajw;j (1 <i <d). By Lemma 5.4, we compute

det(a;;) = 1. Therefore vy, ..., vg is a basis of N. This induces an isomorphism N~74

such that v; (1 <i < d) correspond to the standard basis e; (1 <i < d), and vg corresponds
d

to — Zi:l ilfz;z e. |

The following is the sharp version of [14, Corollary 3.2].
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Theorem 5.8. Let 0CR? be a compact polytope with vertices in Z¢ of dimen-
sion d. Suppose 72N int0 has cardinality g > 1. Then for every P € Z¢ N int(] we have
y(Pel)= O

_udlq

Proof. Fix P €[]. We may replace [J by [J — P, so that P =0. Suppose by contradiction
that y(0e0) < #1.4' By the simplex trick, there exists a simplex S with vertices among
those of [J, which contains 0 in its relative interior, and y (0 € D) >y(0ebs).

Let dimS=d <d. Then y(0€S)<y(0el) < —1— udﬂ < ud/ﬂq . By Theorem 5.7, there

exists 0£ecZN rehnt(aS). Then 0, e, 2e, ..., ge are g + 1 distinct lattice points in the

relative interior of S. They must be contained in Z<¢ N int(. Contradiction! |

As in [14, Theorem 3.6, Corollary 3.7], we obtain the following corollary.

Corollary 5.9. Let Z¢, [, g as above. Then volyz«(0) < q(%)d and Z¢ N0 has cardinality
at most d + d!q(%)d. O

5.4 Errata to [4]

The upper bound n < ¢;q¢ in [4, Theorem 1.1] is not correct. In Step 1 of the proof, the con-
stant y depends not only on d— 1, but on q as well. Since A ~ 7% !, S has vertices in lA
and A Nint(S) = {0}, Lemma 5.10 gives y > -1 Step 2 of the proof gives j < d!q? *d“

Since ja € Z, we obtain a correct effective upper bound for Theorem 1.1
n< d'udq q.
This bound is probably not sharp.

Lemma 5.10. Let S be a simplex with vertices in éZd, and such that {0} = Z¢ N int(S).
Then y(0€ S) > O

_Udl

Proof. The sunplex S =qS has vertices in Z¢ and {0} =Z%nN int(%S’). By Theorem 5.7,
y(OeS’)> .Buty(0eS)=y(0¢eS). |
6 Toric Log Fano Varieties

Let (X, B) be a toric log variety with log canonical singularities. So X = Tyemb(A) is a
toric variety and B=) ;(1 — @)E; with 0 <g; <1. Since Kx + ) ; E; =0, we obtain

Kx+B=Y) —gFE.

i
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Let o € A(top). There exists ¥, € Mg such that (x¥*) + Kx + B is zero on the open subset
U, of X. That is (V,, ¢) = a; for every ¢; € o(1).

6.1 Minimal log discrepancies

Each ec NP"™ N defines a toric valuation E, over U,, with log discrepancy computed
by the formula
a'(Ee’ X’ B) = (w(fa e)'

Since log resolutions exist in the toric category, we obtain
mld (Uy; X, B) =min {({,,e);0£ec NNo}.
The moment polytope associated with the Q-divisor —Kx — B is
U-ky-p={meMp;(m,e)+a>0Ve cA(l)}.

It contains the origin of M. If g; > 0 for every i, denote by P the convex hull of % (e €
A(1)). We compute P* =[]. By duality,

inf{t>0;ectP}=—hg(e) Yee Ng.

6.2 Toric weak log Fano varieties

Suppose moreover that X is proper and —Kx — B is Q-semiample. Note that —Kx — B is
Q-semiample if and only if it is nef. And if @; > 0 for every i, the Q-divisor —Kx — B is
necessarily big.

The Q-semiampleness condition is equivalent to —, € [, for every o € A(top).
And —Kx — B is Q-ample if and only if the vertices of 0 are precisely (—v/s)sea(top). Let
ee NP'™ let o € A(top) contain e. Then [ + vy, C ¢". Therefore (—,, e) = h(e). Therefore

a(Ey;; X,B)=—hg(e)=— inf (m, e).
mell
We obtain the global formula mld(X, B) = — supg_.y ho(e). By duality,
mld (X, B) =inf{t>0; {0} C NNtP}.

By Corollary 4.5, the a-invariant of —Kx — B with respect to (X, B) is computed by the
formula
y(X,B;—Kx—B)=y (0el).

By duality, y (0 € ) = ¥ (0 € (0*). Denote d=dim X.
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Theorem 6.1. Let g be a positive integer. If mld(X, B) > - 1 ,then y(0€ D) > O

_udlq

Proof. The assumption gives @; > (ll for every i. Suppose by contradiction that y < udflq.

By the simplex trick, there exists a simplex S, with vertices among those of [(1*, such that
0 erelintS and y (0 € S) < y(0 € [0*). Therefore

y(0el) < .
Ud+1,q

Let d <d be the dimension of S, and L (0<i=<d) its vertices. Let yp,...,yYq >0, Z;f:o

<

lq

y;=1and 0= Zl —0Via % We have y(0 ¢ S) mlnl _o Yi- Say yo is minimal. Then yy <

ud/ , that is Zl L Yi> Zl 1 ud
N& \ 0 such that

qa;z;

. y
— 0 <y (1<isd).

These inequalities are equivalent to

1 d’ aLzl

q

aJ Zj.

The right-hand side is the smallest ¢ > 0 such that e= Zil —z;e; belongs to tS. Therefore
ge belongs to the relative interior of S, so in the interior of P as well.
We obtain 0 #£ee NN int(éP). Therefore mld(X, B) < é, which is a contradiction.

|
Corollary 6.2. If mld(X, B) > %, then /(—=Kx — B)? < Jug1 4. O
Proof. By Proposition 3.10, y - J(—Kx — B)4<d. [

Example 6.3. The lower bound in Theorem 6.1 is sharp. In dimension one, (P*, qT_l - 00)

is the only example which attains it. A higher dimensional example is constructed as

follows. Let ey, ..., ez be the standard basis of Z¢, and
d
Z ud+1 _Udt1q
»
~ q(1+u q(1+uy)
Then e,...,e4 are primitive vectors in the lattice N = 74, which they generate.

Set aozé and g =---=ag=1. This defines a toric log Fano variety (X¢, (1 — é)Eo)
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with
d
Ok, 5= {m eRr? ; ; %mi < 1}
NG| 1
=(-1, ,—1)+ {meR>0; ; 1 +U4qml < a}
The simplex O_g,_p = Conv(v, ..., vq) contains in interior the origin of M, with barycen-

tric coordinates

So y(X,B;—KX—B)zﬁ. One checks that mld(X, B):é, Bs|—q(K + B)|=¢ and

(—q(Kx + B))?= %. In particular, the upper bound in Corollary 6.2 is not sharp. O

Theorem 6.4 (cf. [8]). Fix d>1 and ¢ € (0, 1]. Consider toric proper varieties X such that
dim X = d and there exists an invariant effective Q-divisor B such that —Kx — B is Q-

semiample and mld(X, B) > €. Then X belongs to finitely many isomorphism types. [

Proof. Let y =y(0e€0_g,-5)=y(0€ P_g,_p). By Theorem 6.1, y > y(d, €) > 0. We have
€y (P — P) CeP. Therefore {0} = N Nint(ey (P — P)). Theorem 5.1 gives

voly (P — P) <

yded’

Let C be the convex hull of A(1). Since C C P, we deduce that voly(C — C) is bounded
above. Since C is a lattice polytope, it follows that the pair (N, C — C) belongs to finitely
many isomorphism types. There exist only finitely many fans A with given A(1). There-

fore (IV, A) belongs to finitely many isomorphism types. ]

6.3 Examples

Consider toric log Fano varieties (X, B), of Picard number one, and such that X has
no nontrivial toric finite covers which are étale in codimension one. Let X = Tyemb(A),
dim N =d. Then A(1)={ey, ..., eq}, where ey, ...,eq€ N are primitive and generate the
lattice N, and no d of them are linearly dependent. The log discrepancies in invariant

prime divisors are rational numbers ay, ..., aq € [0, 1], not all zero. We have

d
0=> xe (&6Q>O,Z&=l).
=0 i

9102 ‘/2 $q0190 U0 159nH Aq /610°Sfeunolployxo-uiwi//:dny wodis papeojumoq


http://imrn.oxfordjournals.org/

Variation of Log Canonical Thresholds in Linear Systems 4445

The vector e; is primitive in the lattice generated by ey, ..., e; if and only if n; =1, where

_=gcd(qxo,...,q’?(i,...,qxd)

> 1, gx e Z%1).
ged (gxo, - - ., GXq) (=14 )

Up to isomorphism, (X, B) is uniquely determined by (x;); and (;);. The dual polytope
DiKrB is the simplex with vertices e;/q;.

The dual description of (X, B) is: 0 € J C My is a rational simplex with vertices
vo, ..., Vg, and O lies at distance g; to the face of O] opposite v; (distance measured with

respect to e;, the primitive interior direction normal to the face opposite to v;). Let

d
OZZVivi <)/iZO,ZVi=1>~
i—0 i

Then y; = %’ where w; = width((; ;). The above data are related as follows:

(vi,ej) +aj=0fori+# j, and (v}, e;) + aj = wj.

(Xiax) (X 5)=1

L oxi= = AN o i
=i, yi= L W= =
I L T Yieax X

We have Kx + B+ Y% g E; ~0. For 0<i<d, set D; =(x") — Kx — B=w;E;. So
Kx + B+ D; ~g 0 and lct(X, B; D;) = y;.
Note that B =0 if and only if @; =1 for all i, and then x; = y; = % for all i.

Lemma 6.5. r(Kx + B) is Cartier if and only if Bs|—r(Kx+ B)| =0, if and only if
ra;, rw; € Z for every i. O

Lemma 6.6. (X, B; —Kx — B) = min?:o Vi -

Lemma 6.7. Let0<e < rninfl=0 a;. Then mld(X, B) > ¢ if and only if there does not exist
an integer n> 0 such that ) ", {(n+ 1)x} =1, {(n+ 1)x} # x, and

d

d
Zai {(n+1)x} — e <minw; {(n+ 1) x;} .
i=0 =0
The fractional parts of vectors are defined componentwise. d

Proof. We clearly have mld(X, B)=a < min?:0 a;. Log discrepancies in toric valuations

are computed as follows: if e= Z?:o tie; is a primitive vector in N, the induced toric
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valuation E, has log discrepancy

d d
. d
a(Ee;X,B)=1nf{e>O;Ztieiee-D* =max2aiti—wjtj.
i—0 =0 375
We have a-[0* C C =Conv(ey, ..., eg). Therefore, the primitive vectors which attain a

must be contained in C. But N N C is parametrized as follows:

NNC\{e:i}= {Z{(YH— Dx}e=) —ln+1)xle; n=0, Y {(n+1)x}= 1} :
Note > ,{(n+ 1)x;}=1if and only if ) |(n+ 1)x| =n. And > ,{(n+ 1)x}e =0 if and only
if {(n+ 1)x} = x, if and only if nx € Z%"'. We obtain

d
a=min | min a;, min {n+ 1) x)—minw; {(n+ 1) x;}].
<i=0 “ Zi{<n+1>xﬁ:1,{<n+1)x}¢xZi:al{( )% J e ) J}> u

Lemma 6.7 has a geometric reformulation: let S={x e R‘;gl; Z?:o x; = 1}, with ver-
tices Py, ..., Pg. Our point x=); x;P; lies in the interior of S. Let S.(x) be the simplex
with vertices Q; = (1 — é)x—i— éPi (0 <i<d. It is a neighborhood of x in S obtained by

sliding each vertex of S toward x, with a certain weight. Then:

e mld(X, B) > ¢ if and only if intS, (x) contains no {(n+ 1)x} other than x.
o X= Zi Vi Q;.

So both mld(X, B) and y (X, B; —Kx — B) are encoded by the neighborhood x € S,(x). The
condition mld(X, B) > € means that the rational point x is badly approximated by the
fractional parts of its multiples, and Theorem 6.4 states that such x belong to a finite

set.

Lemma 6.8. Let ¢ gmingzoai. Then mld(X, B) <¢ if and only if one of the following

equivalent conditions hold:

(a) There exists n> 1 such that Zf;o{(n—i— Dx}=1,{(n+ 1)x} #x, and

d
Y oai {(dn—i— 1)x)—e€ <m€n {(n+ l)Xj}'
2io &Xi j=0 Xj

(b) There exists ze N#! such that max; w;zj — y ; 4z € (0, €).

Moreover, z= | (1 + |z|)x]. So if zexists, it is uniquely determined by |z| and x. If gx € Z¢!,

(b) can be decided by considering only the multiples x, 2x, ..., (g — 1)x. O

9102 ‘/2 $q0190 U0 159nH Aq /610°Sfeunolployxo-uiwi//:dny wodis papeojumoq


http://imrn.oxfordjournals.org/

Variation of Log Canonical Thresholds in Linear Systems 4447

Example 6.9. Suppose B =0. That is @ =1, x;=y; = ;-. Then mld(X, 0) <e¢ if and only

A+ Dx;
J Xj

if there exists n>1 such that {(n+ 1)x} # x and 1 — ¢ < min ! if and only if there

exists ze N1\ 0 such that ﬁ—z < x; for every j. O
i=0 i
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