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Two different geometrizations of time dependent Lagrangians were proposed by M. Anastasiei, [1],
and by M. Anastasiei and H. Kawaguchi, [2], using the projections R TM® R'M and R" TM® M,
respectively. In this paper we propose a geometrization of time dependent Lagrangians using the

geometry of the manifold R” TM itself. This is more compatible with the one resulting from a genera
problem of local equivalence treated by B. Lackey, [3].
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LINTRODUCTION

A time dependent Lagrangian is a smooth, rea function defined on the manifold R* TM, for M a
smooth manifold and TM its tangent bundle. The manifold R* TM can be naturally projected on R" M or on
M and thus it appears as the total space of two different vector bundles. Accordingly, two different
geometrizations of time dependent Lagrangians were proposed by M. Anastasiei( [1], see also Ch. 13 in [4])
and M. Anastasiel and H. Kawaguchi, [2], using the general thery of the vector bundles developped in a book
by R. Miron and M. Anastasid, [4].

In this paper we propose a geometrization of time dependent Lagrangians using the geometry of
R” TM without any additional structure of vector bundle.

As we shall work in loca coordinates, for an easier control of the geometrica meaning of the objects
on the manifold R” TM we shall decompose its tangent bundle in three subbundles and we shal use only the
objects adapted to this decomposition. We show that any regular time dependent Lagrangian produces such
decomposition.

Our geometrization is more compatible with the one resulting from a general problem of local
equivalence treated by B. Lackey, [3], using the Cartan method of equivalence.

The plan of the paper is as follows. In 82 we discuss the geometry of R* TM and we describe the
decomposition of its tangent bundle just mentioned. In 83 we define a time dependent Lagrangian L and its
extremals as curves on M which are solutions of the Euler-Lagrange eguations. A formula for variation of
the energy of L adong extremals is given. Next we consider regular time dependent Lagrangians and we see
how they influences the geometry of R* TM. A semispray derived from aregular time dependent Lagrangian
is proposed. Section 4 is devoted to an almost metrical contact structure on R” TM completely determined by
a time dependent Lagrangian. In the last section we consider linear connections which are in some sense
compatible with a time dependent Lagrangian and we show the existence of a family of such connections.
Choosing one, we find that its torsions and curvatures provide invariants found by B. Lackey, [3], when
studying the local equivalence of the pairs consisting in a semispray and a metric.
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2THE MANIFOLD R T™M
Let M beasmoothi.e. C* manifold of finite dimension n and TM its tangent bundle.
Let (xi),i J K,....=1,2,...,n be local coordinates on M and (x‘,yi) be the local coordinates on TM.
Then (t, X,y )are local coordinates on R TM.As in Anaytica Mechanics we consider the time t as an

absolute invariant and thus a change of coordinates (t, x', y') ® (t, X',y ) will be taken in the form
t=t,X =X (X, x%2,..,x"), ¢ :ﬂ—x.(x)yi, rankaaﬁg:n. (2.1
™ 51 5

Under the natural basis (2.1) ?ﬂ

— =1, J 1., J .- T 2 of local vector fields on R TM has
it X' fy'

7]
the law of transformation:

To= 90,1 =1.6DT,, 1 = 1.G)T, + 9@, (22)
while its dual basis (dt,dx‘,dy‘)transformsas:
di =dt, dx =1,(X)dx’, dy' =1,(X)dy’ +1,(¥)dx . (2.3)
Weput d =1; - Nijﬂj - N9, for undetermined functions (Nij) and (Nio) on domains of loca
chartson R” TM and we require that (d) transform by rule
d =1,(X)d,. (24)
It follows that the functions (Nﬁ) and (Nﬁ) defining aj and (Nij ) (Nio) have to satisfy
NKT (R7) = 11, (RN - 9,(7), NP = 1, (RN, (25)

We notice that the functions (Nij ) behave like the coefficients of a nonlinear connection on M and the
functions (Nio) behave like the components of a covector on M. One can take NP = 0, while one cannot
N; =0.

We set H=span(d, ), Vo=span(1,), V=span(,) and we have a decomposition of the tangent space of
R” TM into the following direct sum

T,(R"™)=HAV AV, ulR" ™M . (26)

We shdl report any geometric object on R* TM  the decomposition (2.6).Then their components will
change like those of corresponding objects on M although they depend on t and (y).

The local basis (,,d,, ;) is adapted to the decomposition (2.6).Its dudl is (dt, dx', dy' ), where

dy' =dy + Nidx<, dt =dt+ N2dx«. 2.7
We define atensor field J of type(1,1) on R" TM as
J(1,) =0, 3(f;) =0, I(M)=J(d) =1,. (28)

This definition is working because of (2.2) and one easily gets
J?=0. (2.9
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We say that J defines an dmogt tangent structure on R” TM. This is integrable since as it is easy to
check, the Nijenhuis tensor field of J vanishes.
The tensor field P of type (1,1) on R” TM given by

P(.)=-1. P(d)=d.P{)=-1 (210
iswell defined and P?=1 (Kronecher's tensor field), i.e. P defines an amost product structureon R” TM.

3.TIME DEPENDENT LAGRANGIANS

A time dependent Lagrangian is asmooth scalar function L: R TM® R, (txy)® L(txy).
Let c:[0,1] ® M be asmooth curve on M given aloca chart by x'=x(t), fl [0,1] .Its tangent vector field

¢ [0,1]® ™™ is represented as gx (t),X'(t) = dt x and the map t® (t X (t), X (t)) is a smooth curve on
[o)

R"TM while I(c)= Q_t,x(t),X(t))dt is cdled the action integral. The following variational problem

appears. find among the set of all curves from M with the same endpoints those which afford extremal
values for |. The first variational formula for |1 shows that the curves which we are looking for, caled
extremals of L, have to be solutions of the Euler-Lagrange equations

L dafLo
E(L)=—- —c—==0. 31
IO et o (Y
The function
_ o L
EL(tl X, y) - y W(L X, y) - L(t! X, y)1 (32)
is called the energy of the Lagrangian L.
We may also consider the function
. L L
E t1X1 :t_+ I_»th! 'Lt,X, 32I
Lt xy) = yﬂy,( y) - Lt X, y) (3.2)

as amore specific energy of L.
A direct caculation gives:
Lemma 3.1. Along any curve from M, the following formulae hold:

d EL dX (3 3)
pm E(L)-
dE __ E(L )+td(‘ﬂ L) (3.3)
dt
Thus we have:

Theorem 3.1. (i) Thevariation of energy E, along an extremal of L isgiven by

di =- & , (34)
dt It

(i) The variation of energy E, along an extremal of L isgiven by

dE__, d(f.L)

3.4)
dt dt 34
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Coroallary 3.1. If the Lagrangian L does not depend on time, then E=E, and E_ is conserved along

the extremals of L.
Definition 3.1.A time dependent Lagrangian is called regular if the matrix with the entries

gt % y) = T.91,(L2/2 (35)

isof rank n.
The condition from Definition 3.1. does not depend on the local coordinates since when passing to the

coordinates (t, X, ¥) ew have

gii(t, X, y) = ﬂi(ik)ﬂj(ih)gkh(tviv y). (36)
We say that the functions (gj;(t,x,y)) define a d-tensor field of type (0,2). This is symmetric.Here "d" is
for "distinguished".We note that (Ei (L )) defines a d-covector field, because of

E (L) = 1,(X)E(L). (37)
Theorem 3.2. For aregular time dependent Lagrangian, the Euler-Lagrange equations take the form
d2xi ,

+2G (t,x x) = 0, (3.8)

e (t,x %)

with
G =G' +Hy,

4Gi = gij[(ﬂjﬂk L)yk - ﬂjl-]1 (3.8)'

4Hy =g'f; (L), X =y
Proof. If we expand in (3.1) the derivative with respect to t, we obtain
2 i 2 _ 5 2
Zgijd_>;+gejiL X - ﬂ_l_ig+ ﬂ-iL =
dt© g X g ™It

0.

Transvecting this equation by g", the entries of the inverse of the matrix (gij ) yields (3.8) with the
notation (3.8)' .
Theorem 3.3. The functions N (t, x, y) = 1,G (t, x, y) verify (2.5) when a change of coordinates
(2.1) is performed.
L

Proof. Under achange of coordinates (2.1), L and rn remain invariant and the other partial derivativ

of L undergo the following changes:

LR 5L
ﬂXi ﬂXi ﬂ’)‘('k ﬂXi ﬂyk !
ﬂZL _ ﬂ)"(‘k ﬂZL
Iyt % e
L L ROR L PR TR
W IR ) Ty o O

2
We use these in the equation : 4gijGi = ﬂ;Tiﬂl;(k yk - .[?TL.
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and on account of rank (@i j )= rank(gi;)=n, after asmall calculation we obtain

ﬂ"’k 1 ﬂzxk o ﬁik ~
—G' = Gk tyl = HE. 39
" += Xl y'y o Ho (39

Adding these two equations and differentiating the result with respect to (y' ), yield

1‘["k
ﬂx
thatis (1, G') verify (25) qed.
Concluding, if aregular time dependent Lagrangian isgiven, on R* TM we have a decompositi on (2.6)
a %L 0
49y Tt 5
since both verify (2.5). Hence we have two different decompositions (2.6) which will produce different

geometriesfor R* TM endowed with the function L. The choice N?= 0 creates more compatibility with the
treatment of L from the viewpoint of alocal equivaence problem.

In that follows we take N°= 0 and N} = ;G . Let usconsider on R* TM the vector field

(G'+N)—‘|T(X“}1T~ G + H) + 21,(F%),

with d, constructed using N = f,G and (N?) arbitrary; (N?) can betaken 0 or (g, HE) =

1 0 T
=Y 26 . 3.10
TR YW Py (3.10)
This is well-defined since it takes the form
S =T +yd +(Njy - 26)1;, (3.10)'

and it is easy to see, using (3.9), that the functions
e =2G - Niy/, (311

define a d-vector field.
The vector field S_is completely determined by L and it is called the semispray of L.
Theintegral curves of S_ are solutions of the following system of differential equations:

dt dx _ ., dy ,
HRoq, Xoy Y oGt xy). 3.12
dt at 7 Tt () ¢4

We may take t =0and then (3.12) implies (3.8). Thus if we project the curve (t, x(t), y(t)) from
R"TM ontothe curve c:t® x(t) inM , we just have obtained that the integral curves of S are projected on

the extremals of L. Conservely, if we take a solution (X(t)) of (3.8) and we lift it to the curve (t, X (t), X' (t))

on R" TM, we obtain that the lift curveis an integra curve of S.
We noticethat S verifies

Js, =C, (3.13)

whereC= y“ﬁi isthe Liouville vector fildon R TM.

We can extend the notion of semispray saying that a vector fiedd Son R*TM is a semispray if it
satisfies (3.13). Then Swill be of the form

S=a(t, x, )1, +y'1; + S, (3.14)

for every function a and for every (S) such that the functions (S' + Niy/) define ad-vector field.



CameliaFRIGIOIU, MagdolnaKIRKOVITS 6

4. AN ALMOST CONTACT STRUCTUREONR" TM

Definition 4.1[4} The pair RL"=(M,L) with L a time dependent Lagrangian, such that the quadratic
form Q=g (t, %, y)x'x! ,(xi )T R", is of constant curvature is called a rheonomic space.
We associate to L ametrical structureon R” TM,

G(t,x, y) = adt A dt + g;; (t, x, y)dx' A dx! + g;(t, x, y)dy' A dy! 4.2

wherea is anowhere zero functionon R” TM.

This is a Riemannian structure if the quadratic form Q is positive definite. Otherwisg, it is a pseudo-
Riemannian structure.
We define atensor field F of type (1,1) by

F(1,)=0, F(d) =1, F(f,) =-d. 4.2)
Thisis clearly of rankF = 2n. The kerndl of it isthe distribution V, on R” TM.
Theorem 4.1.Thetriple (F, ﬂt,dt) isan almost contact structureon R” TM, that is, we have
F2=-1+1, Adt,dt(,) =1, F(T,) =0. (4.3

Proof. It sufficesto check that F2X = - X +dt(X)T, for X=1,,d,,, . And thisis easy using (4.2).
Theorem 4.2. We have
G(FX, FY) = G(X,Y)- dt(X)dt(Y), G(1,, X) =dt(X), 4.4
for every vector fieds X,Yon R" TM if and onlyif a°1.
Proof. Easy checkingsin adapted basis, using (4.1) and (4.2).
Corollary 4.1. The ensemble (F, T, dt, G) for a®1isametrical almost contact structureon R” TM.
The almost contact structure (F, 1, dt) is said to be normal if N_ +d(dt) A , = 0, where

Ne (X,Y)=[FX,FY] - F[FX,Y] -F[X,FY] +F?[X,Y],

is the Ninjenhuis tensor field associated to F.
A direct calculation in adapted basis gives
Theor em 4.3. Thealmost contact structure (F, 11, dt) is normal if and only if

1) R :=d,N!-dN, =0,
W Y

2) =0, =0.
1t 1t

Remark 4.1. The condition 1) above is equivaent to the integrability of the distribution H on R” TM.

5.NORMAL D-CONNECTIONSON R TM.

Now we are interested to find linear connectionson R TM  which to be compatible in away or another
with atime dependent Lagrangian L.

Let D bealinear connection on R* TM. It will be known if one knows Dy X, Dy X, Dy X for every
vector field X on R"TM.. As R"TM has three complementary distributions it is quite natural to look for
connections which preserves these distributions.

Definition 5.1. A linear connection on D is called a d-connection if it preserves by paradldism the
distributions H, Vo,V on R” TM.

In the adapted basis (1., d,, ;) ad-connection D takes the form
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Dy T = f(t.x,Y)T,, Dy d; = Lid;, Dy 1, = Lif,
Dy 1 =M jﬂt’de d, =G,d;, detﬂk - qkﬂi , (5.)
Dy M. = M1, Dy d =Ciyd,, Dy i =CyT,

where f is a function, L', Ijj ,Mj,Mj ,Cy and 6,1,— are d-tensor fields and Gi,G, behave like the
connection coefficients on M athough they depend on t,x and y.

Onusing (5.1) it is easy to prove

Theorem 5.1. Alinear connection on R” TM is a d-connection if and only if

D, P = 0, for every vector field Xon R TM. (5.2

Recall that on R* TM we have aso the tensor field J with the property J°=0.
Definition 5.2. A d-linear connection will be called anorma d-connection, shortly an nd-connection if

DxJ=0, for every vector fiedld Xon R” TM. (5.3
A direct calculation based on (5.1) gives.
Theorem 5.2. A d-connection on R” TM isan nd-connection if only if
Ly =L}, Gy =G, Gj =Cy. (54)
A linear connection D on R” TM is called metrica if DG=0. A direct calculation in adapted basis and
taking into account (5.4) leads to:
Theorem 5.3. An nd-connection on R” TM.ismetrical if and only if
7.9 = Lii(gkj + Lifgki:
digi = Gign +Gigy, (5.5
ﬂigjk =Chign + GGy -
~1Ya vy =lga M =1ga (56)
2 1t 2 2
Remark 5.1. When a is a congtant different from zero (5.6) shows that D(T,) = 0, that is, the
distribution V, is absolute parallel. Another good candidate for aisL itself, assuming it is nowhere zero.

:EE’ |\/|i =£diL’Mi =1ﬂ||‘
2 1t 2 2

From the previous considerations we extract

Corollary 5.1. (i) Ametrical nd-connection D is characterized by

DP=0,DJ =0,DG =0, (5.7)

f

Then

and it also satisfies
DF =0. (5.7)
(i) A metrical nd-connection D iscompletely determined by the functions (Ni,- ) (Ng) andaas
well asby thetriple D G = (L;, G};, C}; ) such that (5.5) holds

Let D be ametrical nd-connection. If one estimates the torsion of DG on the adapted basis (1,, T;, 1)
it comes out that it is completely determined by the following d-tensor fieldson R TM:
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L, NG MM
Tk = G - G; , Rjx = dyNj - d;N{,Cly , (5.8
Pkij :ﬂlei( - Gli(j , Sk = Cjy - Cjj.

Similarly, one finds that the curvature of D is completely determined by the following d-tensor fields
on R TM:

Q=TM, -df +ﬂt(Nik)Mk ; éi zﬂtmi - ﬂif’
My = 1.G; +GJLs - djLi - L§G, + T, (N$)Cx
Hi = 1.Cy +CsLL - 1,1 - L3Cl
. . . . . 4 (5.9
Rik = diG; - d,Gy + GGy - GLG + CiRii
Phijk = ﬂkqu' - ri1k|,- +Cri13Pﬁ<
Sri1jk = ﬂkCriu' - ﬂjCLk +Cr?jcisk - Cﬁkcéjl
where |, meansthe covariant derivative constructed with (qh) called h-covariant derivative.

Besides h-covariant derivative we may consider a v-covariant derivative defined by Ciy, for instance

|, = 1,z +C|,z", aswell asa0-covariant derivative, for instance Z'|, = 1,z + L}, z*.
With these definitions and notations, (5.5) takes the form

gij|0 = 0’ gijlk = 0! gij|k = 0. (55)I
The tensoria equations (5.5) in the unknown L/ , G, ,Cy can be solved in certain conditions. Thus if
wetake T}, = 00 G = G|, the second equation (5.5) has the unique solution
1
G, = Eglh(djghk +d, 9y - d,0y) - (5.10)

Indeed, if in this equation we circularly permute the indices i,j,k and substract one equation thus
obtained from the sum of the other two, taking into account the hypothesis Tj, = 0, we get (5.10).

Similarly, we see that under the hypothesis Si, = 0, the third equation (5.5) has the unique solution
i = 1 ih(d I 1 _1 ihq
Cix _Eg (1,90 + 19y - 1,94) —Eg T, 9 - (511

By using the Obata operators associated to (gij) it comes out that the first equation (5.5) has the
generd solution

L, =5 0"g 5 (e - 0,07 Xk (512)

where (X,?) isan arbitrary d-tensor field on R” TM. Thus we have a family of metrical nd-connections. If
we prescribe (XQ) or take it zero select one from this set which will be determined by (g”- ) only. Moreover,
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if wetake X! = 0 anda’ 1, we obtain ametrica nd-connection which depends on L only. A choice of a as

afunction of L is adso possible.
If the dependence of time is removed from L, the geometry that we just developped reduces to the

geometry of a Lagrange space as it is presented, for instance, in [4]. This forces us to choose X' = 0 and
a1 in order that the metrical nd-connection given by (5.10) and (5.11) with N} = ,G' to be the standard
metrical connection from Lagrange geometry.
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