PUBLISHING HOUSE PROCEEDINGS OF THE ROMANIAN ACADEMY, SeriesA,
H OF THE ROMANIAN ACADEMY Volume 5, Number 1/2004, pp.000 - 000
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The exact solutions corresponding to some unsteady helical flows of an incompressible Maxwell
fluid, satisfying no-slip boundary conditions, are determined by means of the expansion theorem of
Steklov. The similar solutions for a Navier-Stokes fluid appear as a limiting case of these solutions.
The steady state solutions are also obtained for t— ¥ .

1. INTRODUCTION

The smplest congtitutive equation for a fluid is the Newtonian one. For the incompressible case it is of
the form

T=-pl+S, S=iA, traceA =0, )

where T is the dtress tensor, p the hydrostatic pressure, S the extra-stress tensor, A the first Rivlin-
Ericksen tensor and I the dynamic viscosity. Many common fluids show this “Newtonian” behavior and in
fact the whole discipline of classical fluid mechanics is based upon this equation.

However, the congtitutive equation (1) does not show any of the norma stress effects or relaxation
phenomena and for many fluids, like dilute polymeric fluids, it is for that reason not acceptable. In cases of
time dependent flows, for instance due to abrupt changes in the flow geometry, or to time dependencie of
boundary conditions, relaxation phenomena should be included. The smplest way to do this is to use an
equation of Maxwell type [1]:

S+é§:‘|A, @
at

where | isthe relaxation timeand d/ dt denotes a convective derivative. The most popular choice is the
upper convected derivative

?z's- LS ST, €

where L is the velocity gradient and the dot denotes materia time differentiation. The associated “ upper
convected Maxwell-modd” has the advantage that it is consistent with some important microscopical models
of polymers and that its predictions of the normal-stress differences are qualitatively acceptable.

Recently, the Maxwell mode has received specia attention. Thus, some existence and uniqueness
results corresponding to different steady flows of a class of fluids including the Maxwell model are obtained
in [2, 3]. The existence of a large class of solutions, which arise from spatialy periodic perturbations of
uniform shear flow, is proved in [4]. The first exact solutions obtained for the flow of a Maxwell fluid seem
to be those from [1] and [5]. Other analytical results are obtained in [6-8].

The research reported here is devoted to the study of a helical flow of an incompressible Maxwell fluid
between two infinite coaxia circular cylinders. The flow is due to the cylinders, which are assumed to rotate
about their axis and dide in the direction of the same axis with prescribed velocities. Finally, the specia case
of the flow in a cylinder is adso considered. The similar solutions corresponding to the Navier-Stokes fluid
appear asalimiting case.
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2. HELICAL FLOW BETWEEN CONCENTRIC CYLINDERS

We consider here an unsteady helical flow between two infinite coaxial cylinders located at r = R, and
r=R, (>R) inthecylindrical coordinate system (r, g, 2. Such a flow whose physical components of
the velocity field are given by [5, 9]

v, =0, v,=w(r,t), v, =u(r, t), ()]

is called helical because, in generd, its streamlines are helices. Since the velocity field is independent of g
and z, the extra-stress tensor S will aso be independent of g and z and the incompressibility condition is
automatically satisfied. Moreover, since the fluid was at rest up to the moment t =0

w(r, O)=u(r, =0 and Yr, 0)=0. 5

The flow is produced by the two cylinders which at t=0" suddenly begin to rotate about their
common axis (r =0) with the angular velocities W, and W, and to dide in the z-direction with the

velocities U, and U, . Assuming that the fluid adheres to the walls we have the boundary conditions
wWw(R, )=RW, W(R, )=RW,; t>0,
uR, =U,, uR, t)=U,; t>0.
Substituting (4) into (2) and (3) and taking into account (5), wefindthat S, =0 and
L+ 9, =nffiw - wir), @+ )L, =nflu,
(1+| ﬂt)ts =1 [(ﬂrW' w/ I’)'[2 +(ﬂru)t1]a (7)
@+ f)s,=2 @ w-w/r)t;,, @+ 1)s,=2(furt,,

wheret,; =§,,t,=5,,1;=§,,,5,=§,, and s,=S,,.
The equations of motion, in the absence of body forces, reduce to

Ao+l =r Y g e2t=rqw 1+t ®
r r r r

©)

where r is the density of the fluid, f,p=0 due to the rotational symmetry and T,p=0 from the
assumption that there is no applied pressure gradient along the axia direction (cf. [10]).
Now, we observe that Egs. (7), s and (8), for t;,s,,s, and p are not coupled with Egs. (7), , and

(8),.5, meaning that one can solve the system of the latter four equations first and then calculate t,,s,, s,

and p. Eliminating t, and t, between Egs. (7),, and (8),, we éttain to the next two partia differential
equations

| 9300, t)+fa(r, t)=n ?{3 +29 - L, v),
r rg

i} ©)
| 92u(r, H)+9u(r, t)=n ?{f+%ﬂ, %u(r, ),

where n =m/ r isthe kinematic viscosity of the fluid. It is also worth emphasizing that these equations are

of a higher order than the similar Navier-Stokes equations. In order to obtain exact solutions the additional
initia conditions [5]

fw(r, 0)=1,u(r, 0)=0, (20
have to be satisfied.
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2.1. Calculation of the velocity field
Making the change of unknown functions

w(r,t)=W(r) +v,(r,t), u(r,t)=U(r)+v,(r,t), (12)

where W(r)=r W, - W-W R(R-r) and U(r)=U, (Ve Uy In(R,/r) we easily get from (9),

R- R’ r In(R,/ R)
(6) and (5), , the next two problems with initial and boundary conditions
| 12v, (r,t)+ v, (r,)= Lv,(r,t); T (R,R), t>0 (12)
v, (r,0)=-V,(r), v, (r,00=0 rl(R,R), (13)
v.(R,)=v (R,1)=0; t30, (14)
whereV, (r)=U (r), V,(r)=Wr), L, ‘ﬂ2+ T, - —2 and n=01

In order to solve these problems we shall use, asin [11], the well-known expansion theorem of Steklov.

In view of this theorem our solutions v, (r,t) whose partid derivatives 1,v,, and Y%, have to be piecewise

continuous, can be written, for each t> 0, as Fourier-Bessal series absolutely and uniformly convergent in
terms of the eigenfunctions

RAGI™
Yo (Rlim)

of the eigenvaluesproblems L v +1v =0, v (R)=v(R) =0; n=0,li.e,

B, (M) = Aean(rrnm) Y(rrm)§, (15)

V(1) = & Vo (OB (). (16)

Here, J (3 and Y (¥ are Bessdl functions of order n of the first and second kind, r, ., are the postive

roots of the transcendental equations B (R,r) =0 and the constants A, are chosen so that the normalization
conditions

R(‘)r [B.(rm)]°d r=1; n=0,1, (17)
Ry
to be satisfied. Now, introducing (16) in (12), multiplying then by an(rrnp) and integrating we respect to r
from R to R,, wefind that
IV, () +V () +nr2v, (t)=0, t>0 . (18)
From (13) it also results
V(0 =-V,.,, V.0 =0, (129

whereV, , arethefinite Hankel transformsof V_(r), [12].
Solving (18) under initial conditions (19) and having in mind (16) and (11) we get for w(r,t) and
u(r,t) the expressions:
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wr)=we)- § S ex"’(i"l” ‘jmexp@ D w,8(m,,)-

& (20)
e tog o
expg o ana,)+lg:0382l t + sm82| % W,,.B, (rr,,),

respectively,

e 0ty &0 0 ¢
U(I’,t) =U(I’) - a SZmeXp(%no) - %E;nexp(%m) UOmBo(rrOm) -
® 10g om 4 om
P aﬁﬂgcosgm Oms'”% 2i t” YomBo(om):

-1+.1- 2
where g .8} = — 12| Anl o , b =.J4nl -1, Mo £%< g Withn=0,1and q
n

=p+1.
2.2. Calculation of thetangential tensionst, and t

The solutions of the ordinary differential equations (7), , with theinitial conditions (5), are

_m aetoé A0 W, Hu
to(r, t)—l—expg |_5 89<ng gﬂw( . H dt,
° (22)
t,(r, t)—lmexpgellg g;apglig T.u(r, t) dt.
Introducing (20) and (21) in (22) we get
_ é_ aetou W, - W RZRZZ
to(r, t) 2me1 8 I&j ROR 12
o n%W eXp(j‘“%S}“t) [rr,BKrr,.) - B,(rry)] - (23)

8 Wi @m0
. ex % Eg m:ap+lE 8 I [rrlmBgrrlm) Bl(rrlm)]

and

aetou u,-y,
(1, = mel HPETA TInRIR)

mé exXp(Sant) - EXP(Sint)

ool W r U Om Bg(rrOm) (24)

& '[ 6 ¢ W,
-2 e Om m g

m=p+l b

82I t_ B(rronm)-
By making t ® ¥ in (20),(21), (23) and (24) we get
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_ V\é W #(Rzz — _ Uz - U1
w(r)=rW, - Rz R_ . , u(r)=u, mln(%/r) (25
and
W, - V\(L RR __U,-Uu,

which represent the steady state solutions.

3. HELICAL FLOW THROUGH A CIRCULAR CYLINDER

Taking the limit of Egs. (15) and (17) when R® 0 and R, ® R we find the eigenfunctions

N2 3 (e IRL (R and -2 3,(rr,,)/[RI,(Ry,,)] corresponding to the helical flow through an
infinite circular cylinder. The boundary conditions (6) must be changed by

| WO, t)|<¥, WR, t)=RW, |u@ t)|<¥, uR,t)=U; t>0 (27)

and the components of the velocity w(r, t) and u(r, t) take the forms

Wr, 0= rW- 208 SRS - SRS ()

a rT:10 3 = S}m a@]m( & 3.0, (29)
Z\Nexpg A5 mapﬂgCOS%ZI sm82| t% m
(identically with (3.4) of [5] where J,(3 hasto be changed by J,(3) and
u(r, t)=U- ﬂg %OmeXp(Sﬁng) - slznexp(sgnt) Jo(Mom)
R Sn- S (o) -
2U @ to g @Omt_ —gn@Om o(r 0

eng x5 a ecosg

m=p+1€

2 5 b, &2 % (R, )

The associated tangentia tensions

- ZTW exp(émt) exp(gmt) ‘] (rrlm)
t,(r, t)= a_l -2t TR )+ o
e t O é i @1m O ‘] (r )
+4m’veXp8 25 .20, 52 tg 3(Rr,.)

and

C(r py=- 21U & Sl - e (o)
2r R - ’_ 2 Rr,
m= 1 4n|r Jl( ) (31)
ﬂaetoé‘l &, 0 3 (1T,,)
' pg 2l g ma,mbOm §21 & J(Rr )’

are also obtained as limiting cases of (23) and (24).
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4. LIMITINGCASEI =0

Taking the limits of Egs. (20), (21), (23), (24), (28), (29), (30) and (31) as | ® 0, we obtain

WD =WI)- & Wy B (1, Jexp(- nE2D), (3
WD =U(D) - & Uy Byl )exp(- ), (33
- Wz' \M RlzRZZ - mé - _nr2
t1(r!t) ZnRzz _ Rlz r r n%l\/\/lm [rrlnqu:(rrlm) Bl(rrlm)] eXp( nrlmt)’ (34)
t,(r,t)= Y- Uy | rrg_r Uy, BY(rr,,)exp(- ni2 t) (35)
2\ r In(RZ/R) = Om™~0m Oom om*/1
— AL o J(rmm) 2
w(r, t)=rW ZW%—FWJZ(RYM) exp(- nrit), (36)
- &é‘ Jo(rTom) 2
u(r, t)=U P Yy exp(- Nrg,.t), (37)
t,(r, t)=2n1N§Mexp(- nr2t), (38)

m=1J2 (Rrm)
respectively,

2nJ & Ji(rryy)
ty(r, )= = exp(- nigt), 39
? R gl‘-]l(RrOm) ° )
which are the similar solutions corresponding to a Navier-Stokes fluid.
Finally, by making t ® ¥ in anyone of the above expressions we get the steady state solutions. They
are the same for both types of fluid.

5. CONCLUSIONS

In this paper we have established the exact solutions corresponding to a helica flow of a Maxwell fluid
between two infinite coaxial circular cylinders. By letting R ® 0 and R, ® R in these solutions we attain
to the smilar solutions corresponding to a helical flow through an infinite circular cylinder. All these
solutions, given by (20), (21), (23), (24), respectively, (28), (29), (30) and (31), contain sine and cosine
terms. That indicates that by contrast with the Newtonian fluid, whose solutions (32) — (39) do not contain
such terms, oscillations are set up in the fluid. The amplitudes of these oscillations decay exponentialy in
time, the damping being proportional to exp(-t/2l ) or exp(-t/l).

Direct computations show that w(r, t), u(r, t), t,(r, t) and t,(r, t) satisfy both the associate
partia differential equations and all imposed initia and boundary conditions, the differentiation term by term
inr and t being clearly permissible. In the specia case, when the relaxation time | ® 0, our solutions
reduce to those corresponding to a Newtonian fluid. The steady state solutions are also obtained as a limiting
casefor t ® ¥ . They are the same for both types of fluid.
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