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The obtaining of control law for an advanced four-dimensional, nonlinear electrohydraulic servo
mathematical model is the main contribution of the paper. This control law ensures the asymptotic
stability of references tracking by constructing a Control Lyapunov Function (CLF) on the errors
concerning the state variables and theirs desired values. An approach based on partitioning the state
system into two subsystems - a first one interna stable, and a second one taken as framework of
control synthesis - was developed; this is another main contribution of the present paper. The
paper's interest derives also from illustrating the key idea of CLFs synthesis by using of celebrated
Barbalat's Lemma. Numerical simulations were reported from viewpoint of assessing the servo time
constant performance.
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1. INTRODUCTION

This paper develops control strategies for the eectrohydraulic servo (EHS) control synthesis using the
concept of Control Lyapunov Function (CLF), concept introduced by Artstein [1] and Sontag [2], and
based on the backstepping approach [3] of building these functions. In the beginning, Lyapunov's stability
theory deds with dynamic systems without inputs. For this reason, it has traditionaly been applied only to
closed loop control systems, that is, to systems for which the input has been eliminated through the substitution
of a predetermined feedback control. Recently, some authors started using Lyapunov function candidates in
feedback design itself by making the Lyapunov function derivative negative when choosing the control. Such
idea has been made precise with the introduction of the CLF concept. The building of a CLF is not a unique
matter, and the JurdjeviaeQuinn's approach [4] and Sontag's approach [5] are only two such examples.
Another approach is just backstepping methodology [3], a recursive type control design brought out in 1990's.
Itsinitid limitation to a class of strict feedback systems [3] stimulated the development of various recursive
procedures, applicable to more general nonlinear systems, as feedforward systems, adaptive systems and
systems with structured uncertainty [3], [6] and [7].

In the following, the backstepping [3], [8], [11] is applied to position control synthesis for an EHS four-

dimensional mathematical model, whose equation belongs to a general class of nonlinear systems (f means
the derivative of the function f (t) with respect to the time t)

x = F(x) +G(x)u D

where x T R" is the state vector, ul R™is the control vector and F and G are smooth vector fieds of
appropriate dimensions. The key idea in certifying the CLF building is using of the Barbaat's Lemma
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2. CONTROL SYNTHESISFOR ELECTROHYDRAULIC SERVO
FOUR-DIMENSIONAL MATHEMATICAL MODEL

In aprevious work [8], a smplified three-dimensional mathematical model for EHS was considered:

® - 0
(- kx - %, + X, ) X, = kiG- X, - k,x, + CJ P 5 % k, Uz ci= cdw\/?. @
cg %]

Now, the following extended EHS mathematical model [10], [12], more redistic, is considered:

X =Xy, Xy =

3|

. o_1
X = Xo, Xy ZE[_ kx; - X+ 5(X3 - X4)]
. _ B =P J
X3:V+S);_ [CX5\/ Pa- X3 - SXp- kz(XS' X4)],X4 :V_ S [' CX54/ %4 +S(2+kl(x3' X4)] (€©)

- X5 +ku
" :

X5:

Thistime, the variables x, and x, arethe pressures p,, p, in the cylinder chambers, and x, stands for the
valve position. These differentid equations, governing the dynamics of the EHS, are those given in [10] and
are reported having as a reference point the hydromechanica servomechanism SMHR (HM SMHR)
included in the aileron control chain of Romanian military jet IAR 99. The date variables are denoted by:
X1 [cm] - EHS load displacement; x, [cm/s] - EHS load velocity; xs [daN/cn] - load pressure differential;
u[V] - control variable. The vave dynamics is evaded in the mathematicad model (2); a proportionality
coefficient k, between the contral (input voltage to servovave) and valve displacement was considered.

The proposed in [8] control synthesis by backstepping technique cannot be identically applied in the case
of advanced nonlinear mode! (3), because this system is not a strict feedback system

X = X+ 1(X) %o =Xg ] 2 (X0 %) wr X1 = X0+ (X X 1) X =)+ ().

Thus, aidea of partitioning the state system (3) into two subsystems - a first one internal stable, and a
second one taken as framework of control synthesis - will be introduced. The internd  stable system is the
subsystem of the first two equations, with “perturbation term” S(xz — x4)/m The control will be constructed
on the last three equations of the system (3) and then will be certified as ensuring the stability and tracking
performance of the whole system. Summarising, the obtained result is given in the following

Proposition. Consider the system (3). Let k, > 0, k, > 0 be tuning parameters. Under the (rather
physical) assumptions 0 < x, < p,, 0< X, < p,, |x|<V/S, the control u given by

1 .
u =E[X5d +t()(5d - kzgzep)] (4)
1 .
Xsg = - _(klep = Py +gl) 5
92
- 2BV(Sx, +k, _&[p, - x x, O
9, = gl(xl’xz):: V2( ;2 > 'p), 9, = 92(X11X2’X3)-_ BcS >+ \/_4 - (6)
S TEEAEEY
€ = P- Pay Pi=X3- X4, 6 1= X5 - Xy 7

Paf):= £ 3 0):= S @) ®
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when applied to system (3), guarantees asymptotic stability for the position tracking error
€ 1= X - X4; moreprecisely, lim elt) = 0.

The notetions x,,t, define the expression of the time response x,, of a first order stable system to step
input X ; ty, isthetime constant and x,,(0) is taken zero (see (21)).

Proof: Consider Lyapunov like function

V) =

N~

Then, its derivative dong the system (a.s.) (3), by using (5), (6) and (7), is

A 2
V) =-ke5 + g,€,6s.

(10)
Now, extend V, as
1
V, =V, + —e¢? 11
2 1 2k2 5 ( )
and, taking into account (4), the derivative as. (3) is
vz = 'klez - iesz (12)
Pkt
The equations for the errors e, es can be written as
2 = - + 5 = - E -
ep klep gzes ’ e5 2 gzep
! (13

A tedious way to continue the proof is that of checking the asymptotic stability of the errorse, ,e; by using
the second method of Lyapunov for systems with variable coefficients (see [13], Theorem 1). An alternative
and very efficient procedure will be shown in the following: that of using Barbalat’s Lemma [14]. The
reasoning is as follows. Making use of the definitions (5), (6), (7) and (8) for e, and e, it is easily to see that
when t ® 0, we have V,(0)> 0. Since V, £ 0, it follows that 0 £V, (t) £V,(0), (* )t > 0, hence the
positive function V, () is bounded and it follows that e, and e, are bounded; so, p = p(t) is also bounded

on R, =[0,¥). Now, teking the derivative of (12) yields

ktzegé- 231':% - ——gze €.

V, = 2% 22 +

Furthermore, V, is bounded, provided that g, remains bounded during the dynamical process; this condition
holds, having in view the assumptions involving the variables x;,x3,x, . S0, V, is uniformly continuous (as
having a bounded derivative). Let us now consider Barbdat's Lemma[14]:

If the function f(t) is differentiable and has a finite limit !gl\ f(t), and if f isuniformly continuous, then
lim(t) =0.

Thus, Barbaat's Lemma will be applied to show that the errors e, and e; tend to zero as time tends to
infinity. Indeed, applying Barbalat's Lemma, V, ® 0. Consequently, e, and e; tend to zero.
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Now, let'slook at the first two equationsin (3), which can be rewritten as follows

f k S
X +2h% +r2x =p, h: fi:\/%, DIZEp (14

2m

and p is now seen as a bounded function of t, p:= p(t) = x,(t)- x,(t). With initid conditions
x,(0) = %,(0) = 0, the solution of (14) is

><1(t)= e " Qe pyulinui - u)du (15)

where the condition w? :=r2 - h? > 0 isinherent to hydraulic servo systems owing to small viscous friction
in cylinder. Introducing

P )= = py ) (16)

let us also consider

%,(t):= vive h‘th“ p, (u)nwt - u)du. (17)

Sincee, ® 0 whent ® ¥ ,itisclear that p,(t) ® p,(t), ast® ¥ ;thismeans(" )e >0, ($)d(e) such
that for t > d(e) we have |p1(t)— Py (t] <e. Then,if t > d(e)

el et

|X1( de | £ - he ) th|pl() pld( )||snw(t - u)|du £ = Qe ht-u)gy = I

It results
x([t)® X, () ast ® ¥. (19)

Then, successive calculations give:
%, (t) = 1e '“th” ——xjs(l e v Janw(t - u)du = Xls th”(l e vl Jainw(t - ujd

ée’““ [L- e vt Jsinwft - u)du =

(b~ 3t Jinwe - wle 4 - coswe) - heimar + we" - cosw])

2+(h- 11, ) w2 + h?
therefore
%(t)® x ast® ¥. 19)
Thus, from (18) and (19), a standard proceeding gives
x(t)® x ast® ¥ (29

and so ends the proof. 6

3. SIMULATION RESULTS

As it was pointed out, the god of the backstepping synthesised control is to have the EHS tracking the
specified xi4 position reference. Such references can be expressed as a response of afirst order system to
step inputs Xis
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X (t) = Xls(l' e t/t”) (21)
where x;s stands for stationary value of the state x; and t;, stands for associated desired time constant.

The nomind values of the parameters appearing in equations (2), (3) were as follows:
m=0.033 daNs/cm - equivalent inertid load of primary control surface reduced a the EHS's rod;
S=10cnm® - EHSs piston aea, f=1daNs/cm - equivalent viscous friction force coefficient;
k =100daN/cm - equivalent aerodynamic elastic force coefficient; w=0.05cm - vaveport width;
p.= 210daN/cn? - supply pressure; cq= 0.63 - volumetric flow coefficient of the vave port;
k,=5/210 cn/(daN” s) - internal leskage cylinder's coefficient; r = 85/(981° 10°) daNs%/cn® - volumetric
density of oil; k= 30/12 000 cm’/daN (:=V//(2B))- coefficient involving the bulk modulus B of the oil used
and the EHS s cylinder semivolume V; k, = 0.0085/(0.05" 10) cm/V - valve displacement/voltage coefficient.
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Figure 1 - Comparison of the load pressure evolution:
a) the three-dimensional mode (2) (with load pressure state variable);
b) EHS system (3), (4)-(7), with two pressure state variables.
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Figure 2 - Comparison of the position step input tracking systems with two pressure state variables:
a) SMHRcase(22): t @0.037 s;
b) EHS case (3), (4)-(7), with backstepping position control: ts @0.037 s.

As reference points of the numerical simulations were taken both the experimental data [9] and a four-
dimensional mathematica model of the HM SMHR [12]:

. . 1
X1 = X2, X%y :E[- kg - Xy +S(Xg - X4)]

>'<3=V+BSX1[chpa- Xg - S(Z],X4 -_B [ chx_4+S<2], s:=1(r- %)

V- S

(22)
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where | = 2/3 is the coefficient of the rigid feedback kinematics, r is the reference input at servo rigid

feedback kinematics linkage point [cm] and s is the valve error signdl. Zero equilibrium point for the systems
(22) corresponds to closed valve— s =0 —in the case of zero referenceinput, r =0.

Numerical smulations have been performed to investigate the performance of the proposed nonlinear
control (4)-(7). Zero initid conditions - corresponding to the zero equilibrium point - were chosen for a fourth
order Runge-K utta integration, with integration step 0.001 s, of the systems (2), with nonlinear control given in
[8], and (3), with nonlinear control (4)-(7); in the last case, initid conditions on the variables x3 and x, were
chosen 1 daN/cn?.

Congider the systems (3) at equilibrium (O, O, x3(0), x4(0), 0). The caculation of starting control u(0),
derived from (4)-(8), involves the system parameters, the turning parameters and certain derivatives, as
follows:

u(0) =[xy (0)+ i, 0)- K. (0, (O]

\

(0= K0 2080 (o) 0 w0 (0=
0,(0)= 220450 g, 0)= (o, 50 + )
%5(0)=- (kiep(0)- 4 (0) +94(0))9.(0) '(('516 5(0)- pg(0)+91(0))g.(0)
> 0
6 (0)= 5(0)- 0)- p(0), x-3<o>=-Bk'Tp(‘”, 1(0)= 20
Ps(0=- . 6,(0) =~ 2(500)+ 6 6(0). 5:(0) = 2, 0. 0(0)= x(0)- .0

gz(o)—BCge - %,(0) .\ %,(0) 9

Vel 60 205

Comparing the simulation results, an interesting feature is that the mathematica mode (3) promotes a
somewhat “stiffer” object than the three-dimensiona mathematical model (2). Indeed, the system with two
pressures as state variables are dynamically sower than the system having the load pressure as state
variable. The time histories of the load pressures, depicted in Fig. 1, offer an a posteriori explanaion of this
dynamic behaviour: the faster system is by al means that actuated by greater values of the externa driving
force. This force is derived from load pressure Sxs, in the case of the first two equations in (2), and,
respectively, S(X3 - X4), in the case of the first two equationsin (3).

Figure 2 shows fit results obtained choosing r expressed in the form (21), with x;4 =0.255 cmand
t, =0.002s. Thus, HM SMHR mathematicall model produces the servo time constant t, = 0.037 s
(Fig. 2a). With the fit tuning parameters k; =1000 s'* and k, =10°° daN-2 " cm®, the corresponding (3),
(4)-(7) system denotes the same servo time constant t ; = 0.037 s. Worthy noting, these values are in a
close neighbourhood of the measured SMHR time constant t=0.02 s, given in [9] for step reference
amplituder = 0.12 cm (roughly speaking, t . decreases with decreasing r or Xys).

4. CONCLUSIONS

In this paper the problem of the control law synthesis which provides asymptotic stability and tracking
performance for an EHS four-dimensional mathematical model [10], [12] has been addressed; this moddl is
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more redigtic than the three-dimensional one considered as usual in the literature [8]. The full state
information was considered available. In practice, a state estimator will be needed and this problem will be
considered in a further research.

The main contributions of the paper are: 1) obtaining of control law for an advanced four-dimensiond,
nonlinear EHS mathematical model; 2) illustrating how the main theory can be brought or adapted to control
design practice as defined by a given mathematical model and showing that the backstepping controllers are
able to work with a complex plant such as EHS; 3) CLFs synthess by using of Barbaat's Lemma;
4) developing the idea of partitioning the state system into two subsystems: a first e internal stable, and a
second one taken as framework of control synthesis.

The smulation studies attest good tracking performance of the EHS in the presence of step signals.
Based on sampled signals paradigm, a good tracking performance of arbitrary references can be aso
dipulated, having in view the decomposition of an arbitrary sgnd into a successon of step signas.
Furthermore, a close correspondence between the theoretical predictions and the experimental result [9] has
been found.

The backstepping technique has not yet been applied to control a position tracking EHS, used in aviation,
to the best of the author’ s knowledge.
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