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Somebody wants to ensure all its descendants as follows: at the end of the year of birth of a
descendant, this receives one monetary unit ( 1 MU). Suppose that the insurer knows the probability
distribution of &, — the number of descendants of x and of 7, — the age of the parent of x when x is
born. What premium insurance should be paid in order that the probability that the insurer will lose
money is a given €? We give some estimation for that and prove that if 7 is bounded below by some
to > 0 then the sum paid by the insurer is a very short tailed random variable.

1. NOTATION AND STATEMENT OF THE PROBLEM

Let N be the set of all positive integers and N o= N [ {0}. Let I' = U N ¥ be the set of all finite
k=0
words with letters from N. The void word corresponding to £ = 0 will be denoted by o. “0” is the common
ancestor of all the words. For k = 1, an element x from N * is a word of length k& which will be denoted
componentwise by (x1,xo,...,x;). The operators naturally involved with I which will be used are
— the “delete first letter” operator O.: T'\ {0} — I' defined by B (x,x2,...x1) =( x2,...x%)
— the “delete last letter” operator Og: I'\ {0} — T" defined by Or(x1, x2,...x1) =( x1,...X%_1).
Clearly, “L” from 8, comes from “Left” and “R” from 8z comes from “Right”.

The mth iterate of 6, and 6y will be denoted by 8;” and B". Let us agree that 6,"(x)= 0x’(x)= x. Of
course, x O N* O 8,%(x) = 6x*(x) = 0. The meaning of x = (xy, x»,...x;) is as follows : x is the descendant of
Br(x) which is the descendant of Bx*(x) which is the descendant of 8x’(x),...., which is the descendant of 8"
'(x) = x; which, finally, is one of the descendants of 0. We can think of x as being names which, as in the old
times, described the genealogy of x.

Now, suppose that with every x [J T" \ {0} we associate two random variables, on some probability
space (Q,K P), namely, &, : Q - Ngand 7, : Q - (0,%). Their meaning is that &, is the number of
descendants of x and T, is the age of the parent of x — thus the age of Br(x) — when x was born. Then we can
express the time T, when x I N ¥ was born as

k-1
L > Tor - (1.1)
m=0
Suppose now that the insurance premium is put in a bank with a (possible variable) instantaneous

interest rate 0. This means that 1 MU at time O values exp%é(u)duH MU at time ¢. Let a(f) =

H
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t
exp H— Ié(u)du H be the value of 1 MU at time ¢ actualized at time 0. Then, according to the deal, the cost of
0

H H

x for the insurer is a(T,)

00

Thus, the total cost of the business for the insurer is X = zX « » Where X; is the cost of the ith

k=1
generation, X; = z 0(T, ). The kth generation of ensured people can be defined as
xUG,
G.={xUO N ¢ |x1 <&, o< Eﬂ’ x3< Em 7""kaEx|x2...xk_| }. (1.2)

Remark that G; is a random set — possible void if §, = 0. Its section at w [1 Q will be denoted by G; (w).
Precisely, according to our conventions,

Gi(w) = {x ON* | x; £ &(), x, < 8y (@, 23S &y (W i SE o (@), (1.3)

Notice that, according to our assumptions about the random variables &, the possibility that &, = oo is
excluded, hence Gy(w) is a finite set. As the family of all finite sub-sets of N g is countable, we can speak
about the distribution of G; .

Definition. Let G Q x T be a set such that G (w) := {x T | (wx) O G } is finite for any w. Suppose
that for every finite J O I the sets 4G ) := {w[D | G (w) = J} are in K. Then the distribution of G is the
system of numbers (T); o r, J finite» Where T = P(G (W)= J); G will be called a random set with finite
sections.

If G| and G , are two random sets with finite sections, we say that G | and G , are identically
distributed, and write G UG, , if P(Gy(w) =J) = P(Gy(w) =J) O J UOT, J finite.

If (G ,), is a sequence of random sets with finite sections we say that they are independent if the sets
(A4, (Gn)), are independent for any collection (J,), of finite subsets of T

The (possibly not realistic) maximal goal is to find the distribution of X and compute the number [1
(the premium) such that P(X > M) = €. This is the real problem. A minimal goal is to compute EX and
Var(X). An intermediary goal is to say something about my — the moment generating function of X.

We shall denote by E; the expectation of X; and by V its variance.

2. ADDITIONAL HYPOTHESES AND STRAIGHTFORWARD CONSEQUENCES

We shall suppose in the sequel that
H1. All the random variables &, are i.i.d. and &, (J&, where & is one of them. We shall denote Eg := |, Var &
=a.

H2. All the random variables 7, are i.i.d. and 7, [0 7, where T is one of them. Moreover, T has positive
integer values.

H3. & is constant. Then a(f) = v with v = e~ °. Denote by L, the quantities E(v')" = Ev'. We shall often write
L instead of L, and s* = Var(vT) =L, L*. 1fd>0itis obvious that | >L>L,>L;> ...

H4. The random variables (§,), or and (7,), or are independent.

Assumptions H1 and H4 are natural. About assumption H2: it is easy to accept that 7, are independent
and that 7 assumes positive integer values, since we agreed that the insurance is paid at the end of the year. It
is more complicated to accept that 7 are identically distributed. However, if x has m descendants, born at
ages 7' < T, < .. £ T,, we can assume that these random variables arise from the same distribution 7" by

means of order statistics. Precisely, we can say that there exist some i.i.d. random variables 7] ,...,Tn; and
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that 7; = T(,) is the 7 th order statistics attached to them. In this way we solved the problem of twins, too: if

the random variables are discrete, it is possible that some of the order statistics coincide. Finally, H3 is
hardly acceptable, but we do not know what can one say in its absence.
Under these assumptions the cost of the kth generation is
_ T

Xk_ zv . (21)
xUG,

Proposition 2.1. Assume only H1,H2 and H4 . Let x O N*, k = 2.

(1) We have 1, T + 1, , where y is some element from N ! and 1, is independent on T. Moreover, all
the random variables (T X)XDNk are identically distributed. They are not independent, but if x(n)
=(x1(n) x2(n),....xx(n)) is a sequence of elements of N* such that m # n O x,(m) # x,(n), then (Ta@)n are
indeed independent.

(ii) For two arbitrary elements x,y O N*, the correlation coefficient between 1, and T, is 1Ty, T)) =

@,where I(x,y) = max{j <k |x =y, 0i<j}.

Proof. According to (1.1), T, T +T +.+T where all £ summands are i.i.d. and

(x1,%2) (X1,X9 50000X)

distributed as 7. We can take y = O;(x).
Proposition 2.2. Assume all hypotheses H1 — H4. Then

Gk: U Gk—l,m (22)
n<g,
where Gpi, ={x ON* |x;=n, x, < € s X3S &(apny)oeees Xk S&(xnym, ) } @re disjoint and 0.(Gy,) are

independent random sets distributed as Gy.,. Hence, the vector Z; .= (X,,...,X;) can be written as
Zy= v (1, Z;—l,n) ) (2.3)
nsq, '

where ZZ_Ln are independent copies of Zy., and T, 1T are i.i.d.

Remark. After all, the meaning of (2.2) and (2.3) is that the set of the descendants of generation k of
is the union of the descendants of generation -1 of its children and that the cost for the insurance of its
descendants is the cost of the insurance for its children and the descendants of the children.

Proof. Relation (2.2) is obvious by (1.2). Now, by the definition of 8y, 6.(G;,) ={6L(x) |x O0G;,} =

LL 29

X2, X3 JONS] X, <8, x3€ € yeves X SE are independent (since all the random
(nsXZ) (n’x2""’xk—l) p

variables (&, ,)), are i.i.d. ) and have the same distribution as Gy.;.

As to (2.3), write X, = Z ¥ = yir = v Tx = vT" szy = ZVT” XZ_Ln

«0G, x0 (JG,., xDGk . 20 yO8.G,,  n<E,
n<€y
where X Z_Ln = thy are distributed as X, and are independent.
yue, Gy,

Now, we compute the expectation and the variance of X;. Recall the notation: £, = EX;, V;, = Var(X}), U
=E&, 0" =Var(§), L,=Ev', L=L,, s"=L,— L.

Corollary 2.3. Under the assumptions H1-H4 we have
Ey= (L), (2.4)

Vi =ps® + L0 (2.5)
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For k=2, Vy satisfies the recurrence

Vi = WLoVier HULY™* 17, (2.6)
Hence, if we put
— L2
p= oL ) 2.7
then
P -1
p=10 Vi=Vik(uL)* > andpz 10 V= Vl(uL)Zk’ZE. (2.8)
Moreover,
p.L>1<=»Ek—>00,Vk—»ooask_>00. (29)
Finally,
EX <o = UL <1 and in this case EX= L (2.10)
l-pL
Proof. Apply (2.3). As X; = ZVT” Y, = z % vl Y, E{EO =} »Ti and Y; are independent, it follows
n<g, n=11J4=1
that

EX, = iEiEVT,-EYi EP(EO =n) :igiLEXk_l EP(EO =n) (since T; 0T and ¥; 0 X, ) =
n=lLr=1 n=11J4=1

Z nLE,_, P&, =n)=LE; E&, = (UL)E}...
n=1
As Ey =1, (2.4) follows at once.
As to (2.5), we have

Vi= EXI—(EXI)—E(Z WL = ZEZEV HZP(EO n)— WL =

i(an +n(n = I)LZ) P(&,=n)— WL* =Ly +L*(EE - E&) = u(s* + L°) + L’ +0” - - WL*
n=1
-+ 0

o n

As to (2.7), we have EX = iEEﬁvT’YI-gP(EO =n) = XEEZVT’+T"I’,-1’,-v EP(EO =n
n=I1 =1

n=1 ,i'=1

> EEZW vi+ SV PG ==y (nLZEX,E_1 +n(n - 1)L2E2Xk_1)P(EO =n) = WLE(Xe) +
n=1 =1 1<iZi'sn n=1
L*E*X;.; (E&” - EE) = ULo(Viy + E* X)) + L*p?*2(u* + 0° - p), hence

Vk: EXk2 . EZXk: MLZ(Vk-I + qu—ZLZk—Z) + L2k 2k- 2(0.2 u) H-LZVk | + qu 2L2k 2(ML +L202 ML )
and (2.6) follows. Next, (2.8) can be proved by induction and (2.9) is obvious.
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3. CORRELATION COEFFICIENTS BETWEEN Xy AND Xy THE VARIANCE OF X
If we want to find a more precise estimation of Var(X), we have to compute the covariances ¢,,, =
EX,.X, — EX,EX, . Let us put by convention X, = 1. Then ¢,,o = ¢y, = 0.
Proposition 3.1. The covariances c,,, satisfy the recurrence relation
Cmn = WLoCpi 1 + Vi(UL)" 2. (3.1)
Therefore,
pmin(m,n) -1

p=10 ¢,,=Vimin(mn)(QUL)" ">, p210 ¢pu=W P

(“L)m +n—2. (32)

Proof. Suppose m = n 2 1.According to (2.3), write

. _
Xm—Zv Y, , X, = Zv Z., (3.3)

where Y; are 1.1.d., distributed as X,,; and Z; also are i.i.d. and distributed as X, ;. If i # i’ then Y; are
independent on Z;: — they represent the descendants of “i ” in generation m-1 and the descendants of “i” ” in
generation n -1. If i = i’ they are not independent — they represent the descendants of “i”” in generations m and
n, but the pair (Y, Z;) is distributed as (X,,.;, X,.1). That’s why we can write

[

EX,X, =B[(S VIS VI Zol= S B VIS VI Z)IPE = k)
= Z' E[ ; v Y.z, +1£l;5k VT[IVTiIKZi' 1P(&o = k)

=Z [(ZEv"‘EY,Zi) + Z Ev'EV'EYEZ. 1P(E, = k)
k= i<

I<i#i'<k

z L’EX, \EX,  1P(E,=k)

m—1
1<i#i'<k

- ; (3 LB X))

[

= Z [(KLE(X,_ X, )+k(k—-1)LE,_E,_ 1PE,=k)

= LE(X,,..X,.))EE + LA(UL)" " *(EE* - EE) .

If we write EXn n= Cmn + EmEn = Cmn + (ML)m+n , then it follows that Cmn = (uL)ern = HLZ[Cm-I,n-I + (ML)m+n—2 ]
+ (“2 + 0_2 _ u) LZ(“L)an-Z or

Cmn = HLZCm-l,n-l + (HL)ern-z(uLZ + 02L2 - “Lz) (34)
and this is precisely (3.1) since p(L,- L?) + 0°L* = V. To check (3.2), let us write (3.1) as
Cm+ln+l — ACyyp + quern (35)

with @ = UL, and g = pL. Notice that ¢ < 1, if we want EX to be finite. Let also O = ¢°. Then, for n = 0 we get
Cnit1 = Vig" = cm1=Vig"". For n=1 it follows that ¢,.+1, = aVig"" + Vig" , hence c,,» = Vi¢"*(a + 0). By
iteration, we find that

m2n0 c,,=Vg" "@"+d?0+..+aQ7+ Q") (1.1)
and that is precisely (3.2), since p = 1 is the same as a = Q « L, = uL>.

Proposition 3.2. The correlation coefficients r,,, = r(X,,X,) are given by
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: min(m,n) _
0=10 1y, = | 000mm oyg ., = [ Z1f 3.7)
max(m,n) pmaX(m,n) -1

c

m,n

Proof- We have r,, , = . Suppose that m = n and p # 1. Then , by (3.6) we have

Cm,mcn,n
Coun = qum—n(an -1 +an-2Q+ o+ aQn—2+ Qn-l), Coum = Vl(am—l +am—2Q+ o+ an—2+ Qm—l),
Qm—n(an—l +an—2Q+“. +Qn—|)2
(am—l +am—2Q+.“+Qm—l)(an—l +an—2Q +.. +Qn—l)
B Q(m—l)—(n—l)(an—l +an—2Q+.“+Qn—l)_ Q—(n—l)(an—l +an—2Q+.“+Qn—l)
(am—l +am—2Q +‘”+Qm—1) Q—(m—l)(am—l +am—2Q+‘”+Qm—l) :
l+p+..+p""

As a/Q = p, we can further write 7°,,, = — and the proof is complete.
I1+p+..+p"

Com=Vi(@" +a"?Q0+ .. +aQ" *+ Q" "), thus +,,=

Corollary 3.3.. Var(X) <o < WYL <1 and in this case
" _ 4
—uLf (- pmL)?) (- pLf - pL)

Var(X) = ( (3.8)

Proof. We have Var(X) = Z Z CcoV (X, X,) . Let x = PL. If p # 1, then according to (3.2) we have

- +n—2(men — xmtn=2 mDn - xm+n=2 H—
22 P2 22
14 o N 2 _ P 1
[(1+2x+ )P+ P+ it pit )7(1+x+...))—p_1[(1_x l)l—px2 (l—x)z]
— I/l [1+X p _ 1 ] V [p(l_x2) (l_pr) Vl .
P-1"1-x T-px2 (1-xP P~ (-xPa-p?) © (-xPa-px?)

L
The second equality follows from the definition of p: px* = —= p’L> If p= 1 the result is the same:
uL2

Var(X) =V, Z Z (m On)x™ " 2=p (142 + 2" + 2 + ) (1 + 27 + 3x* + b + ) =
m=ln=l1

V|1+xD 1 _ Vl = Vl .
1-x (1 _xz)Z (l—x)z(l—xz) (1 —x)2(1 - px?)

Remark. Let N, = | G; | be the number of descendants of “0” in generation 4. It is well known that EN,
=", thus p>1 = EN; — . Relation (2.9) points out that it is possible that the total cost of the insurer
have a finite expectation, if the interest rate O is great enough to ensure the inequality UL < 1.

Moreover, if we let & —» 0, we find the classical results of branching process theory (see [1], [3]) as

particular cases. Thus, 0=0 O v=10 L=L,=1,p= ﬁ, V; = 0°.Then X, = N, = the number of members
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of G, and X is the total number of descendents of “0”. We have EX = H Var (X) = and the

1_ B

(1 - u)’

mOn

correlation coefficient of N,, and N, is 7,,,, = \/ u‘"’_”‘ i_ﬁm .

Example. For instance, if d=1n 1.05 , thus v = 0.953, and 7= 14 + Z, Z OBinomial (114,p), p = .1 (just
for fun, x may procreate between age 14 and 114 years with an expected age of procreation at 24 years !),
then L = Ev' = v'*g+pv)'” = 0.3133 thus EX <  as long as i < 1/L = 3.19. Further on, L, = Ev*" =
Vig+p)' = 0.1002. Now, if, for instance, & OBin(6,1/3), then P = 2, 0° = 4/3, UL = 0.6267, hence EX =
1.679. As Vi = W(L,— L*) + L*0° =25* + 0.1745 =0.1787 and L = .6266, UL, =.2004, by (4.7) we get

1787
(1 - .6266)*(1 — .2004)

Var(X) = = 1,6029 O o(X) = 1.266.

From now on we can apply Tchebyshev’s inequality to estimate P (X > C): P(X >EX + ko(X)) <k .
The problem is that such as estimation is bad. For £ =5 we get P(X > 1.679 + 5-1.266) = P(X > 8.0092) <
1/25 = 4%, but surely this probability is much less than that. We think that the premium N = 8 MU is very
safe for the insurer under the conditions assumed. However, more sophisticated techniques are necessary to
find better bounds.

What can one say about the exponential premium principle? In order to be able to make estimations
one has to study some moment generating functions.

4. MOMENT GENERATING FUNCTION OF (X4,..., Xx) AND EXPONENTIAL PREMIUM

In the sequel we assume H1 — H4.

Let my(t1,....t) = Bexp(t:.X) + X5 + ...+ 1.X;) or, for short, m,(t) = Ee<"%”  be the moment generating
function of the vector (Xj,...,X}) of costs for the first £ generations of descendants, actualized at moment ¢ =
0. Let also ¢x(2) = m(z,....,t) = Eexp[t(X; +X5 + ...+ Xp)] and M (¢) = log[$(¢)] / ¢. Then, for ¢ > 0, M(¢) is the
very definition of the exponential premium demanded by an insurer with constant risk-aversion t in order to
ensure the first k generations. (see [2], [4], [6])

We are interested in the function M(¢) = log(Ee” ) / t. Since we only deal with positive random
variables, it is clear that [1 = lim;_ ,,['1;.

Proposition 4.1. Let g(x) = Ex® be the generating function of & and m(f)= Ee"" , where T = T,. Then
(i) mi(5)=g(m(n)=g[Ee" ];
(i) k220 mytr,...00 = g[E("” my_y(tv" 107 ot )]

(iif) §(0) = gTE(e” i (WD)]:
(iv) the m.g.f. ¢(f) = Ee™ of X, satisfies the relation §(t) = g[E(e" ¢(¢Y))] with Y =v";

(V) the exponential premium T1(f) satisfies the relation tT1(¢t) = log[g(Eet(Ym(tY))] ,Y=y"

o t§ v o
Proof. (i) my(t) = Eexp(tX;) = Eexp(¢ z vy = Z Ee Sz P&, =n)= Z (Ee™" )" P(E,=n)=
i<, n=0 n=0
g(Ee™" ) = g(m(z)).
(11) Apply (23) For k= 2, write t = (11,. ..,lk) ast= (t|,U) with u :(12,...,11(). Then 1,.X; + X5 + ...+ tX, =
<t, Z> =<t, Z Vi, Zi o) > = Z vii(t+ < u,Z;_,, >), where Z;_,, are independent copies of Z...
nsg,

n<

=So

Write this relation as
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WX+ X+ LA 0 X = z ( z Vi < U, Zgy, D - @1
N=0 nsN
Then exp(ti.Xi + 6:X5 + ...+ 1,X) = z exp( z v+ < U, Zi_y, >)lfg =) » hence
N=0 n<N
my(t) = Z E exp( Z vii(+ < u,Ziy, 2)PE, = N).
N=0 ns<N
As (T, Zj -y, )n are L.id., we can write

mi(t) = z (Eexp(0li(f+ < U, Z;_y; >)"PE, = N) =g[Eexp(/i(1;+ <, Zi1y )] (4.2)
N30

As T is independent on Z*k_l,l we have
E(exp(v! (1+ < U, Zf_y; >)) = E(exp(1yvl) exp(< U, Zf_;; >))=
E[E(exp(1pv™) exp(vTi < u, Zi_y; >)|T)1=E[exp(tv" )E(exp(< viiu, Zi_y; >)|T}) 1=
E[exp(#;v")m,; (vIiu) .

(ii1) is a special case of (i1)) for#;, =t = ... =, = t. while, for (iv) let £ — oo in (iii). Finally, (v) is
obvious.

In the special case d=0 = v =1 we obtain classical results (see [1],[3]). In this case, X;= N, and X =N
is the total number of descendants of “0”. We have

Corollary 4.2. Let g(x) = Ex* be the generating function of &, and Qi the generating function of the
vector (Nj,...,Ny) defined by oi( x1,%2....x) = E[ xlNl x2N2 ...ka" | Let also cy(x) = Qu(x.x,....x) be the
generating function of Sy := N; + N, + ... + Nyand ¢ = lim;_ ¢, the generating function of the total number
of N descendants of “o”. Then

D g=g

(11) k=20 gk(xl,...,xk) =g[xlgk_1(x2,...,xk)] ,x>001<i<k

(iii) c(x) = glxcra(x)] O x> 0;

(1v) c(x) = g[xc(x)] Ox>0;

(V) the exponential premium of N, T1(f) = [log c(€")] / t satisfies the equation tT1(¢) = log[ g(et(lm(t) )].

Proof. In Proposition 4.1. take v/ = 1 and replace exp(t) by x;.

Remark. Tt is difficult to find natural cases when the functional equation (iv) from Pproposition 4.1 has
computable solutions. However, it provides another way to prove (2.10) and (3.8) concerning EX and
Var(X), if we can prove somehow that ¢(f) < oo in a neighborhood of 0. If we denote by Y the random
variable v, 0 < Y < 1, then equation (iv) from Proposition 4.1 becomes

(1) = g(W(n) with Y(1) = E("$(¢Y)). (4.3)
Then ¢ (0) = g’ (YO)W'(0) =g'(1)(1 + ¢ (0))EY. As g'(1) = E§, = L and EY = L, we get the equation ¢ '(0)
= UL(1 + ¢(0)); as ¢ '(0) = EX, we rediscover (2.10). If we differentiate (4.3) twice, after some (tedious)

computations we rediscover (3.8), since ¢ "'(0) = EX".
Definiton. Let F be a probability distribution on [0,c0). Consider its moment generating function mg(z)

= J'etx dF(x). Let Dom(F) := {tl Mg(f) < oo}, Then F'is called short tailed if (-00,0] OInt(Dom(F)); or, in

other words, if Mg(¢) < o [ ¢ < ¢, for some positive #,. For instance, any F’ with bounded support is short
tailed; Poisson(A), Negbin(v,A) and Gamma(V,A) all are short tailed. Call F to be very short tailed (and write
FOVST) if Dom(F) = 0. For instance, Binomial(n,p) and Poisson(A) are very short tailed but Negbin(v,A)
and Gamma(V,\) are not.
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From a practical point of view, a distribution F' is VST if its exponential premium [M1¢) defined as
[log me(7)] / ¢ is finite at any risk-aversion coefficient # > 0 (or, to use the slang, if “F can be insured”).

If F O VST then there exists # > 0 such that M«¢) = o if ¢ > £y. (F “cannot be ensured” if the risk-
aversion coefficient of the ensurer is too big).

Here is a main difference between N and X.

Proposition 4.3. N is never very short tailed (if we let aside the trivial case & =0 (a.s.), but is short
tailed if € is short tailed and we are in the subcritical case , i.e., 1 <1 (see [1]).

Proof. If u=EE& = 1, then EN = o0 hence N cannot be short tailed. Suppose that A < 1 (the subcritical

case). Let & ~ ﬁg pl ; ﬁ Then py > 0 and p, > 0 for some n > 1. Let §(¢) = c(e) be the m.g.f. of
0 1 e n e
N. By Corollary 5.2 (iv) ¢ satisfies the equation
0(0) = g(ed(2)). (4.4)

Hence §(¢) > po + p.e"d" (7). Let ¢ > 0 be such that a:= p,e" > 1. Then ¢(¢) > ad"(¢). As ¢(z) > 1, we have
(7)) < ¢"(¢), hence §"(¢) > §(¢) > ad"(¢), which can only hold if ¢(¢) = 0. The second assertion is a special
case (0=1) of the next result.

Proposition 4.4. Let Y=¢', L = EY and | = E&,. Suppose that

UL <1. (4.5)
(1) If € is short tailed, then X is short tailed, too;
(ii) If€is VST and ess sup Y <1 then Sis VST, too;
(iii) N is short tailed < & is short tailed and p < 1 (the subcritical case).

Proof. (i) We have to prove that there exists ¢« > 0 such that 7 < t. 0 Ee” < o0. Keep the same notation
as in Proposition 4.1.Thus ¢,(¢) = E exp[#(X; + X5 + ... + X;)] satisfies the recurrence relations

bi(t) =g(EBe™) and k=2 0 du(t) = g(B(e"dr1(2Y)). (4.6)
From the very definition of ¢, the sequence (§4(f)); is increasing. Hence it has a limit, ¢(¢) = E¢**, such that

(1) = g(B(e (T )).

. . . Inx
As we agreed that & is short tailed, there exists xo > 1 such that x <xo 0 g(x) <oo. Let then 5= —2.

a
Thus #, > 0 and ¢ < #, 0 (¢) < co. Remark that ¢ ';(0) = 1 and ¢, '(0) = UL < 1. As ¢, is increasing and
convex, the equation ¢(¢) = 1 + B¢ has exactly one positive solution #3) for any > ¢, ' (0) = UL. .
Let B O (ML, 1) be fixed and let ¢, be the unique positive solution of ¢(f) =1 + Bz. Asthe line t— 1 +

[3¢is a chord and s is convex, it follows that
() <1+BtTeT(0,ty). 4.7
Let #+=(1 - B)t; . Then #+> 0 and we claim that

t<t*|]¢(t)S1+lB—tB<oo. (4.8)

In order to prove that, we shall check by induction that
(<t O Q) <1+tPB+PB*+...+B. (4.9)

For k=1 the assertion is true. Let k=2 and ¢ < ¢«. Then
0u(1) = g(B(e" 01 (1Y)) < g(B(e"( 1+ tY(B+B*+ ..+ BT )))) (4.10)

(since tY <t<t«).But 1 +tY(B+ P+ ..+ B N<exp(t¥(B + P>+ ...+ B "), hence (4.10) implies the
inequality 0,(¢) < g(E exp(tY + tYB+ B>+ ..+ B Y =0t + B+ ..+ BY)). Next, «(1 +B+..+p <
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t(1+B+..+B ")<t./(1 -B)=1. Then (4.2) holds. Hence ¢x(¢) < 1 + Be(1+ B + ...+ B~ ") . Therefore
(4.9) holds thus (4.8) holds, too.

(ii) Suppose that & is VST. Let a = ess sup Y < 1. The news is that now ¢(¢) < oo ¢ > 0. We want to
prove that ¢(7) < oo [J #> 0. Suppose for a contradiction that ¢(7) = 0. As §(?) = g(E(e"d(¢Y))and 1 < ¢ < ¢’
that would imply the fact that EQ(¢Y) = 0. But Y < a O ¢(¢Y) < ¢(ar) O E@(¢Y) < ¢p(ar) O ¢(ar) = co.
Repeating the arguments ¢p(af) = o0 0 p(a’r) <o O ... 0 ¢p(0') <o Ok O ¢(r) =00 O ¢> 0 and that
contradicts the existence of #«> 0 such that ¢(#) < o for ¢ < £

(iii) “0 ™. Of course &, < NV, hence if N is short tailed, &, is short tailed, too. If 4; = 1, then EN = oo, thus
N cannot be short tailed. The converse implication, “[] ” is a particular case of (i)., for a=I.

Corollary 4.5. Let Y =v'. Suppose that there exists a > 0 such that T= a a.s. Let a =v* < 1. Suppose
that O < 1 and & is VST. Then X is VST, too.

We shall give now a lower bound for ¢(7). We need the following

Definition (See [5], [6]). Let Y and Y’ be two non-negative random variables. Then Y is dominated by

Y " in the increasing convex order (denoted by Y <ix ¥ ') if Eu(Y) < Eu(Y ') for any u :[0,0) — [0,00) non-

decreasing and convex. We shall use the following properties of this stochastic dominance: (some of them
are obvious).

(1) EY '<icx Y.
(i1) Y <ix Y', Wis non-decreasing and convex [ W(Y) <iex W(Y ).

(iii))  Invariance w.r. to compounding: if (Y,), and (Y ',), are i.i.d. and N, N " are two counters
independent on both, then ¥, + ...+ Yy <iex Y"1 + ... + Yy

(iv) IfY<ix Y'thenmy(fd) <my:() 0220, thus My <.
We shall need another property, as well, for which we do not know references.
Lemma 4.6.. Let Y, Z; (i = 1,2) be positive and independent. Suppose that Y\ <ix Y2 and Z, <icx Z>.

Then YIZI <icx YzZz.
Proof. Let F;, G; be the distributions of Y;, Z;. Let also u be non- decreasing, convex and positive. Then
Eu(Y12)) = ﬂ'u (yz)dFi(y)dGi(z). As the mapping y — u()z) is non-decreasing and convex and Y; < Y2 , it

follows that Iu (z)dFyi(y) < Iu (vz)dFs(y). Let w(z) = Iu (yz)dF5(y). Then w also is non-decreasing and

convex (obvious), hence Eu(Y,2)) < Iw (2)dGi(2) < Iw (2)dGa(z) = Eu(Y22,).

We now prove a result concerning comparisons of two different progeny scenarios of progeny. Recall
thatT' = ] N~
k=0
Proposition 4.7. Let & =( &,),or and &' =( & ',).or be two families of i.i.d. random variables associated

with the progeny of “0” under two scenarios. Let also T ' = (T )xaor and T ' =( T"')), be i.i.d., denoting the
independent birth times of the same progeny . Let X, , X 'y be the costs of the kth generation according to

both scenarios and X, X ' be the total costs of the insurance. Suppose that v < vIY and & <ix €' Ox

|:| r. Thel’l Xk '<ich’k |:| k andX'<ich,.
Proof. Induction on k. Let Y, = vi* and Y = vix . For k = 1, X;= ZYi is increasing, convex and
i<T,

dominated by X ', = Z X by invariance to compounding (property (iii)). We shall now use (3.4): X; =
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Z Y, X1, With X1, iid. distributed as X, and X ', = Z Y, Xy, with X", i.id. distributed as X ',
nse, nsg,

1. According to Lemma 5.5. and to invariance to compounding, we have X; <ix X '; by the induction

hypothesis. In the same way one can prove that X <icx X .

Now, here is a lower bound for the exponential premium 1.

Corollary 4.8.. Let L =Ev". Then LN, + L*N, + ...+ L*N, <ix X1 + X, + ... + X, for any k . It follows

that ¢y = Yy and ¢ = P, where Py(£) = Eexp(t(LNy + L’N, + ...+ L'Ny)), = limy_ )y .
Hence N(£) = (InQ(¢)) / t . Moreover,  is the unique solution of the equation Y(£) = g(e™P(tL)).
Proof. Use the fact that L = Ev' <iex v/ and Proposition 4.7 with T=T, Y=L and Y' =",

5. OPEN PROBLEMS

1. Estimate » = #(,7) = sup{¢ | 0(f) < oo}. This constant would mean the maximum risk-aversion
coefficient that an insurer can allow.
2. Find a better estimation of P(X > C) than that given by Tchebycheff’s inequality.
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