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ON A MECHANICAL SYSTEM CONTAINING JOURNALS WITH CLEARANCES
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In this paper we purpose a mechanical system consisting of an axle and two journals with clearances.
The clearances are modelled each of them by an even number of identical springs. For this system we
make a cinematic study, we describe the forces which appear due to the model of the clearances, we
determine the equations of motion and we present the linear approximation.
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1. INTRODUCTION

In the present paper we purpose the study of a mechanical transmission consisting of an axle with two
journals. The mathematical model is characterised by the existence of the clearances in both journals, such
that the axle present a complex spatial motion.

From the practical point of view there exists no possibility to eliminate these clearances, and the elastic
properties of these clearances can be modelled in very different ways.

Fig. 1. The mathematical model.

The system purposed is presented in figure 1. the two journals are denoted by I and II, respectively.
The radii of the shafts are R, for the journal I, respectively R,, for the journal II, the radii of the rims being

R,,, respectively R,,. The weight centre of the axle is C. The centres of the two journals are O',
respectively O”. We attach to the two journals a fixed reference system O'X'yz" to the journal I,
respectively a fixed reference system O"X"y"z" to the journal II, with the origins in the corresponding

"o,nmn

journals, the axes O'y’, respectively O"y” being vertical ascendant, the axes O'X’, respectively O"X”" in the
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horizontal direction, and the axes O'z’, respectively O"z" in the direction of the line that connected the two
centres of the journals. The axes O'x’ and O'y’ are situated in the plane of the journal I, and the axes O"x"
and O"y" are situated in the plane of the journal II. For the horizontal position of the axle and with the
symmetry axis passing through O" and O" we denote by C, the position of axles’ centre of weight. We
attach to the axle the reference system C X,Y,z, with the axes parallel to the system O'X'y'z’, respectively
O"x"y"z" . Let us assume that the axes C,X,, C,¥,, C,Z, are principal, central axes of inertia for the axle

and that we know the moments of inertia J,, J,, and J, with respect to these axes, respectively. We

y 2
assume that are given the distances C,0" and C,O", which define the position of the weight centre C,

relative to the centres of the journals and the weight G of the axle.

2. THE CINEMATIC STUDY

Further on, we shall not consider the motion of rotation of the axle about its longitudinal axis because
this motion is imposed by its acted forces.
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Fig. 2. The passing from the fixed reference system to the reference system linked to the axle.

Due to the clearances in the journals the system has four degrees of freedom, name them: a translation
along the axis X, a translation along the axis Y, a rotation about the axis X and a rotation about the axis y.

After these displacements the centre of weight arrives from the position C, to the position C,. The four
displacements are described in figure 2, the passing relations being

Xp =Xo =0 Y1 = Yo, 21 = 2 (1)
X, =X, Yy =Y =0y, 2, =7 (2)
X; =X,, Y3 =Y,c080; +2Z,8in0;, Z; =—-Y, sinq; + Z, cos(;, 3)
Xy =—Zysin(, + Xy cos0,, Y, = Y5, Z, = Z3€C0s(, + X;8inq,. (4)

The vector angular velocity ® reads
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© = G3i; + Gy, (5)
From the relations (4) we obtain
X; =X, cos0, +2Z,sinq,, (6)
the expression (5) writing now
© = (; cos Quiy + Gyj, +d;sinqk,. (7

3. THE FORCES IN THE JOURNALS

We model the elastic behaviours of the journals using n,, respectively n,, linear springs, where both
n, and n, are even numbers. The springs in each journal are identical, disposed at equal angles, counted
started from the spring situated on the axis X, the first spring having the index 0, the last having the index

n, — 1, i =1,2, and their stiffness are k,, respectively K, .
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Fig. 3. The modelling of the journals.

In figure 3 is captured the created situation, where the indices 1 and 2 were eliminated, considering a
generic journal. If the shaft and the rim are concentric we have the situation from figure 3, a, i being the
index of the considered spring for which

o = 2m L. ®)
n

The points B; and A; mark the linking points of the spring to the shaft, respectively to the rim.

After the displacements of the axle, the centre of the shaft arrives in the point O, suffering the
displacements Ax and Ay along the axes OXx, respectively Oy . In this way the point B, arrives in the point

B;", where we made the hypothesis that the system remains plane.

Denoting by R, the radius of the shaft and by R, the radius of the rim, we have the geometrical
relations

Xp =Ry cos0;, yo =R, sing,, X = AX + R, cos ¢;, Y = Ay + R, sin ¢;, )

so that one obtains

AB; = [ax+ (R, - R,)cos g, +[Ay + (R, - R, )sin, [ . (10)

Let us also denote by |, the length of the non-deformed springs, resulting the force in the spring i in
the form
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F, = k(l, - AB) QEZ . (11)

The n forces give us a resultant in O~
n-1
R=)F. (12)

i=0

Obviously the forces F; give also a moment relative to the point O", but how we do not consider the
rotation about the axis z, this moment has no importance for the next calculations.
4. THE EQUATIONS OF MOTION

The theorem of the momentum offers us the relations

G

G 0= 2R =Ryt Ry (13)
G .
—t, =) F, =Ry +Ry -G, (14)
9
in which Ry, , R,,, R,,, R,, are the components of the resultants of the forces in the journals on the axes

Ox, respectively Oy, and g is the gravitational acceleration.
The theorem of the moment of momentum written relative to the weight centre gives us

Kc4 = ZMC4 > (15)
where z M, is the sum of the all moments of forces relative to the point C,. In fact,
> M, =Lk, xR, - Lk, xR, (16)

in which L, and L, are the dimensions which give the position of the centre of weight of the axle relative to

the two journals, and R, respectively R, are the reactions in the journals.

On the other hand,
K¢, = J,0,i, +Jy0,j, +J,0,k, an
= J,d; cos Qui, +J,0,j4 +J,0;sinq.k,,
where we kept into account the formula (7).
From the Poisson formulas we have
iy Ja k,
i, =oxi, =0, cosq, G, G;sinq,| =d;sinq,j, — d,k,,
1 0 0
(18)
1, J4 k,

jo = @xj, =|d; cosq, d, d; sinq,| = d; sinq,i, -, cos .k,
0 1 0
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iy Ja k,
k, =oxk, =|G; cosq, G, d;sinq,| = q4i, —d;sinq,j,.
0 0 1

By derivation, the relation (17) leads us to
K, = (3,0, cosq, - 3,0, sin g, — 3,d,0, sin , + J,0,, sin q, i,
+ (‘]xq32 sinq, cosq, + qu4 - qu32 sin g, cos )j4 (19)
+ (_ -J,d;4, cos g, + ‘]yq3q4 cos g, +J,0; sinq, +J,4;q, sin q4)‘4 .

From the expressions (1)-(4) we find

X4 [cosq, 0 —sing, |1 0 0 X,
Yo |=| 0 1 0 0 cosqy sing; || Y,
zZ, sing, 0 cosq, ||0 —singy cosq; |\ Z,
- : . , (20)
cos(, sinQysing, —cosQysing, || X, q,
= 0 cos (; sin Q, Yo I=19, |1,
| sing, —sing;cosq, cos(Q;cosq, Z, 0
wherefrom
X,) [cosq, sing,sing, -cosq;sin 9. 1'%, q,
Yo |=| O cos Q; sin Ya |T]| 02
Z, sinq, —sinqQ,cosq, cos(Q;cosq, z, 0
- - e2y)
cosq, 0 sin q, X4 a
=| sinQysinQ, cos(; —singycosq, ||V, |+]|
|—cosQ;sing, sing; cosg;cosq, |\Z, 0

Making now x, =0, y, =0, z, =L,, respectively X, =0, y, =0, z, =-L,, we find the
displacements AX,, Ay,, AX,, Ay, of the ends of the axle in the two journals,

AX, [ cosq, 0 sin , 0,
Ay, | =1 sing;sing, cosQ; —sin(;cosd, | 0,
Az, —cosQ,sinqg, sing; cosQ;cosq, [ L,
p . (22)
g, cosq, +L,sing,
=| (,sinqQ,sinq, +Q, cosqg; — L, sing; cosq, |,
—(Q,cosqQysinqg, +0,sind; + L, cosq; cosq,
respectively
AX,) [ cosq, 0 sin q, a
Ay, |=| sinQ,sinq, cosQ; —sing,cosq, | J,
Az, —cos(Qysing, sing; cosg;cosg, [\—L,
p . (23)
q, cosq, — L, sinq,
=| (,sing;sinq, + 0, cosq; + L, sinq, cosq,

—(,cosqQysinqg, +0,sing; — L, cosq; cosq,
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Knowing now the values AX,, Ay,, AX,, Ay,, with the aid of the formulas (10), (11) and (12), one
determines the forces in the journals R, rdespectively R,. The projections of these forces onto the

directions of axes of the mobile system C,X,Yy,z, are given by

R;, cos(, sin(,sinQg, —cosQ,sing, [ Ry
i’y = 0 cos sin 0, Ry |5
i7 sinq, —sin(;cosq, cosq;cosq, [\R;
in which i = 1,2, and prime marks the projections onto the axes of the mobile system.

From the formula (16), it results now
i, s ky i, s Ky
ZMC4 =10 0 Lj|-10 0 L= (_ LlR;y + LzRéy i, +(|—1fo - LzRéx)j4-
Rix Riy Ri;| |Rax Ry Ry,
One deduces the last two equations of motion

!

J,; cos g, — J,0,0, sinq, —J G4, sinq, +J,4,4, sinq, =-LR), + L,R;,
respectively

J,d3 sinq, cosq, +J,4, — J,43 sinq, cosq, = LR, — L,Ry,.

24

(25)

(26)

27

The relations (13), (14), (26) and (27) form a system of four second order differential equations with

the unknowns q,, g,, g; and q, .

5. THE LINEAR APPROXIMATION

The expression (10) can be written in the form

AB; = (&) + (Ay) + (R, = R,)? + 2AX(R, — R, )cos ¢; + 2Ay(R, — R, )sin ¢,

2AX . 2Aysin @, AX . Aysin @;
z(Rz—Rl) |- cos ¢;  2Aysin ¢ “(Rz—R1 | Axcosg; _ y sin @; ,
RZ_RI RZ_RI RZ_RI RZ_RI

where (Ax)* = 0, (Ay)’ ~0 and V1-2 ~1 —% for z small.

From the formulas (9) we obtain
ﬁ = [AX +(R, - Rz)COS(Pi]i + [Ay + (R, — R, )sin (Pi]j'

On the other hand, we have

b 1 [ AXcos @;  Aysin @ B oy 1+ AX €OS @; N Ay sin @;
Ai Bi* N R2 - R1 RZ - Rl RZ - Rl N R2 - Rl R2 - Rl RZ - Rl ,
where ~ 1+ z for z small.

1-z
The formula (11) reads now

(28)

(29)

(30)
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F, - kﬁ( b —1] < Kfax+ (R, ~ Ry)eos @i + [Ay + (R, — R, )sin o i

B
8 I 1+AXCOS(pi JrAysin(pi 1
R, - R R, - R R, - R

| A AV (31
~ k|| Ax —2 —Ax—locoscpiM—IOCOS(piwi
RZ_RI RZ_RI R2_R1
I ) AX cos ; , Ay sin @,
+| A o _ Ay -1, sin ¢; ———+ — 1, sin ¢; —— |j |,
(sz_Rl y ’ i R2_R1 ’ i RZ_RI !
the resultant R being
& | Axl, sin? o, j (Ayl cos? @,
R=)) K| /=" _Axfi+| 22— _Aylj|, (32)
; K R, - R R, - R,
where we kept into account that for n even
n-1
z sin g; cos@; =0. (33)
i=0
The expression (32) reads also in the form
= kAnZ( sin? @; — 1] + kAyJZ( cos s?g; — lj . (34)
2 T N

For g, and ¢, small, we have sing, = Q;, sing, = q,, cosQ; =1, cosq, =1, sinq;sinq, =0,
the relations (22) and (23) writing now as

AX, q, + L0y
Ay, | = d, - L,a; , (35)
Az, - 0,04 +0,0; + L

respectively
AX, q, - L,q,
Ay, | = q, + L,0; (36)
Az, - 0,04 +0,0; — L,

From the formulas (34), (35) and (36) it follows

n -1 | n -1
= ky(q, + L1q4)i2(ﬁsin2 ¢i — J L,a; JZ[
i—o \ "2 1

respectively

ny 1 nz—l I
R, = 2q4)12( 2 sin? ¢, _1J+ k,(q, + L2q3)j2(ﬁcosschi _1} (38)
12 i=0 22 12

The expression (24) leads us to
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Ri'x 1 0 - a4 Ri>< Ri><
Ry |=[0 1 a5 [Ry|= Riy > (39)
R;, q, —q; 1 R;, d;Rix — A5Ry
where we kept into account that R;, =0, i =1,2.
We obtained
R| =R,, R}, =R,. (40)

The equations of motion read

n -1

G . | nz 1
E% = ky(a, + L1q4)2{ﬁsm 0 _1]‘*‘ ks ( L,q, Z[ _R sin? ¢, _1} (41)

i=0

G n -1 I
_q =k (q - L q ) (¢ COSZ 0 — 1] + k q ( COS2 O; — IJ -G ) (42)
g 1 13; R, — Ry I - 32 R22_R12 |

-1 |
345 = —Lk(a, - L1Q3)z (R+

e “3)
+ Lk, ( q ( cosch-—ll,
0 ; Ry =Ry I
n -1
J, b, = Lk, ( q1+L1q4ZR R sin (p,—l]
i—o \R21 = Ry
( ny -1 I (44)
- L,k,(q, q,) [—sinzq)i—lj.
2 ) i=0 R _R12

Considering now the displacement q, relative to the position of static equilibrium, the term — G

disappears in the formula (42).
Let us denote

n -1 I n -1 I )
S Z(ﬁcosz 0, —1), S, = Z(ﬁsmz 0, —lj,

i=0

noll e | (45)
S, = %2 cos? o, —IJ, S, = ( 2 sin? o, —IJ
v i= O[Rzz 12 z i=0 R22 12
and results the system

k.S, +k,S -k, LS, +k,L,S
- 1~21 G 222 gql + 1=1 ZIG 2=2Y22 gq4 — O, (46)

k,S,; +Kk,S k,L,S,, —k,L,S
q2 I e | G 2%12 ng + 1=1%11 G 2=2%12 gq3 — 0, (47)

L,k,S,, - L,k,S L?k,S,, + L3k,S
q3 + 171 11‘J 272712 1 ll‘J 272%12 q3 :0, (48)

X X

_ - Lk,S,, +L,k,S L?k,S,, + L3k,S
4, + 1121J 28292 o 1121J 2829m 4~ 49)
y y




9 On a mechanical system containing journals with clearances

or
4, +a,0, +a,0q, =0, 0, +a5,0, +a,0; =0, §; +a5,0, +a0; =0, 4, +a,09, +a,q, =0, (50)

the notations being evident.
A particular case very met in practice is that of the identical journals and of the centre of weight
situated at the middle of the axle, that is

L =L =L,k =k, =k, n =n, =n. (51)
In this situation, we have
$,,=5,=5,.,85, =5, =S, (52)
and the system formed by the equations (46)-(49) reduces to
0 - 290 ga, =0, 0, - 20 gg, =0, 4, —%'X‘Slqg ~0, 4, —Zf%m - 0. (53)
One observes that the system (53) has periodical solution if and only if
S5, <0,S5,<0. (54)

An evident situation when the relations (54) are fulfilled is that when |, < R, — R,, that is all the
springs are stretched.

6. CONCLUSIONS

In our paper we present a model for a mechanical transmission containing two journals with clearances.
The clearances were modelled by even number of identical springs. The general hypothesis was that the
motion can be described by two translation and two rotations, all of them being independent. The motion
along and about the common axis of the journals was not considered in this paper. For this model we
obtained the equations of motion and the linear form of these equations. It is easy to observe that the general
form of the equations of motion is highly non-linear and very difficult to handle. Due to the fact that the

clearances are small, it results that the displacements ¢;, i = 1,4 are also small and the solution of the linear

system (50) offers a good approximation for the general solution. A very often case characterized by
identical journals and symmetric axle was briefly discuss and was found the necessary and sufficient
condition for the existence of periodical motion. In our future works we shall discuss the equilibrium
positions, stability of the equilibrium and the stability of the motion. Another study will be dedicated to the
situation of the damping forces and to the influence of the damping forces on the motion.
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