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In this paper we study the problem of existence of the restricted optimal retention in a stop-loss
reinsurance. We use optimization criteria based on minimizing Value-at-Risk (VaR) and Conditional
Tail Expectation (CTE) risk measure. We prove the existence of the optimal solution of the
considered problems in any conditions and we derive the optimal retention. The solutions obtained
extend the results of [3] and [13]. The results obtained are illustrated using simulations.
Computational results are provided.
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1. INTRODUCTION

Reinsurance is a risk management tool used by an insurance company to protect itself against the risk
of losses, transferring the risk to a second insurance carrier. The former part is called the cedent or the
insurer and the latter is the reinsurer. Stop-loss is a special form of reinsurance. The stop-loss agreement
states that reinsurer will pay the cedent’s losses to the extent that losses exceed a specified amount, called
retention.

Let X be the aggregate loss for an insurance portfolio. We assume that X is a nonnegative random
variable with distribution function F,(x)=P(X <x), survival function S, (x)=P(X >x) and mean

E(X)>0
Let X, and X, be, respectively, the loss random variables of the insurer and the reinsurer in the

presence of a stop-loss reinsurance. Under stop-loss agreement, the reinsurer pays part of X that exceeds the
retention limit, while the insurer is effectively protected from a potential large loss by limiting the liability to
the retention level.

Let d > 0 be the retention. The random variables X,, X, can be expressed as follows:

X, X<d
= (1)
d, X>d

1

and

0, X<d
R={ )

X-d, X>d

In exchange of undertaking the risk, the reinsurer charges a reinsurance premium to the cedent. One of the
most used premium principles is the expected value principle. According to [1], the net stop-loss premium is
determined by:

m(d) = E(X,) = [ S (x)dx 3)

and the reinsurance premium is
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8(d) = (1+pyn(d) = (1+p) [ S, (x)dx, )

where p >0 is the relative safety loading. We note that 8 is a decreasing function on d .

Let T be the total cost of the insurer in the presence of the stop-loss reinsurance. 7 has two components:
the retained loss and the reinsurance premium

T=X,+3(d). ()

Risk measures such as Value-at-Risk (VaR) are used extensively in insurance. Let X be a random
variable and o €(0,1). The Value-at-Risk of the random variable X at the confidence level 1—a is the

number
VaR (o) =inf {x/P(X >x) <o} =inf{x/P(X <x)>a} (6)
or
VaR (o) =inf{x/S, (x) <o} =inf {x/F,(x) > a}. (7)

If X has a one-to-one continuous distribution function on (0,00), then VaR ,(a) is the unique solution to
either of the following two equations

P(X >VaR (o)) =a ®)
or
P(X <VaR,(a))=1-a 9)
In this case, we have
VaR _(X) =S} ()= F;'(1-a). (10)

In the same manner, one defines the VaR for the random variable 7', defined by relation (5).
We suppose that X has a one-to-one continuous distribution function on (0,).

2. AN OPTIMIZATION CRITERION BASED ON VAR RISK MEASURE

We are interested in deriving a combined optimization criterion, based on minimizing VaR risk measure
corresponding to the total cost of the insurer in the presence of the stop-loss reinsurance.

Let 0<d, <d, <o. We focus on determining the retention d  that minimizes VaR risk measure

provided that retention does not exceed a lower limit d, and an upper limit d,, that means solving the
optimization problem

min {VaRT(d,(x)} )

0<d, <d<d, (11
According to [3], forany d>0and 0<a<S,(0) we have
d+(1+p)jsx(x)dx, 0<d<S}(a)

VaR, (d,a) = . : (12)
Si()+(1+p)[ Sy (x)dx, d > 5 (a)
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Theorem 1. Let 0<d, <d, <.
1) The optimal retention d” =d"(d,,d,)>0 for (11) always exists.

2) The optimal retention d " and the corresponding optimal value of the VaR risk measure are:

a) For 0<a<L<SX(0),we have:
I+p

a)If 0<d <d, <5 (1#} then d" =d, and VaR,(d",a)=d, +3(d,).
+p

1 . 1 1 1
a) If 0<d <S7| —|<d,, then d" =S| — | and VaR .(d",0)= S| — |+8| S7| — | |.
D 0<d, X(HPJ ’ X[1+p) Rrld0) X(Hp] [ X(HPD

as) If 0<S; (ﬁ]ﬁdl <d,<S}(), then d" =d, and VaR,(d",a)=d, +5(d,).

ay) If 0<S; (L]Sdl <S8} (o) <d,, then d" = argmin VaR ,(d,a) and
I+p deld, dy}

VaR,(d",0) = der{r}ir; }VaRT(d,oc)).

as) If 0< S} (a)<d, <d,, then d" =d, and VaR,(d",a) = S} (o) + 8(d,).

b) For <a wehave d =d, and VaR,(d",a)=VaR ,(d,,a).

I+p

c) For 0 ! >S5,(0) we have:
+

c)If 0<d <d,<SNa), then d” =d, and VaRT(d*,oc) =d, +9(d,)).
) If 0<d, SS;(a)<d2, then d* = argminVaR ,(d,a) and VaRT(d*,a)zdr‘r;ir;}VaRT(d,a)).

de{d;dy}
c;) If 0< S;((x) <d, <d,, then d" =d, and VaR,(d",a)= S;(oc) +8(d,).
Remark. For d; — 0 and d, — o we obtain the results of [3], as special cases of the theorem. For

d, — 0 we obtain the results of [13], as special cases of the theorem.

3. AN OPTIMIZATION CRITERION BASED ON CTE RISK MEASURE

According to [1], the Conditional Tail Expectation (CTE) of the random variable X at the confidence
level 1 —a is given by

CTE, (o)) = E[ X|X 2 VaR , (a) | (13)

In the same manner, one defines the CTE for the random variable T defined by relation (5).
We suppose that X has a one-to-one continuous distribution function on (0,00) . The objective of the

second optimization problem is determining the retention d " that minimizes CTE risk measure provided that
retention does not exceed a lower limit d, and an upper limit d,, that means solving the following
optimization problem:

min {CTE,(d,a)}. (14)

0<d,<d<d,

According to [3], forany d>0and 0<a<S,(0) we have
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d +5(d), if 0<d <57 (a)

CTE,(d,0) = (15)

S;(oc)+8(d)+l j S, (x)dx, if d>S; (o)

537 (@)

Remark. For d; — 0 and d, — c we obtain the results of [3], as special cases of the theorem.

Theorem 2. Let 0<d, <d, <.
1) The optimal retention d” =d’"(d,,d,)>0 for (14) always exists.
2) The optimal retention d " and the corresponding optimal value of the CTE risk measure are:

a) For 0<a<L<SX(0), we have:
I+p

1

a) If 0<d, <d, gs;(l j then d* =d, and CTE,(d",a)=d, +3(d,).
+p

1 . 1 . 1 1
a) If 0<d <S;| — |<d,, then d"=S;| —— | and CTE (d",a)=S]| — |+8| S| — | |.
DI 0sd, X(“PJ ’ X[Hpj r(d-2) X[HP] [X[HPD

ay) [/ 0<S; (ﬁ) <d <d,, then d" =d, and CTE,(d",) = CTE, (d,, ).

b) For <a wehave d =d, and CTE,(d",a)=CTE,(d,,).

I+p

¢) For ! >S5, (0) we have:
I+p

c)If 0<d, <d, <S;(a), then d" =d, and CTE,(d",a)=d, +8(d,).

c) If 0<d <S8} (a)<d,, then d =argminCTE,(d,0) and CTET(d*,oc)=dr{r‘1]ir‘} }CTET(d,OL)).

de{d,,d,}

c3) If 0<S)(a)<d, <d,,then d" =d, and CTE,(d",a) =S (a) +8(d,).

4. COMPUTATIONAL RESULTS

k+a

Let X be Generalized Pareto distributed, with survival function S, (x) :£ j e P f x>k

X+

and S, (x) =1, if x <k . We will compute the optimal retention and the minimal value of VaR risk measure.

Using the results of the theorem, for k=0,a=2,a=0.1,3 =1,p =0.1, d, =0.001 and d, =1 we

obtain the optimal retention d"(d,,d,) = 0.004637946 and the corresponding minimal value of the VaR risk
measure VaR,.(d",a) =0.087612.

5. CONCLUSION

In this paper we have defined and solved the problem of deriving the restricted optimal retention in a

stop-loss reinsurance under Value-at-Risk and Conditional Tail Expectation risk measures. We have proved
the existence of the optimal solution of the considered problems in any conditions and we have derived the
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optimal retention, which depends only on the assumed loss distribution and the safety loading factor. Our
approach extends the results obtained in [3] and [13]. On the line of papers [7,8,9,10] we can formulate some
problems of such type.
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