THE PUBLISHING HOUSE PROCEEDINGS OF THE ROMANIAN ACADEMY, Series A,
OF THE ROMANIAN ACADEMY Volume 12, Number3/2011, pp. 189—196

TERNARY HOMOMORPHISMS BETWEEN UNITAL TERNARY C -ALGEBRAS

M. ESHAGHI GORDJT", Th. M. RASSIAS™

* Department of Mathematics, Semnan University,
P. O. Box 35195-363, Semnan, Iran
** Department of Mathematics, National Technical University of Athens, Zografou, Campus 15780 Athens, Greece
E-mail: madjid.eshaghi@gmail.com

Let A,B be two unital ternary C -algebras. We prove that every almost unital almost linear mapping

h:A— B which satisfies h([3nu3nvy]A) =[h(3"u)h(3™)h(»)]g forall u,velU(A4),all yeAd,and

all n=0,1,2,..., is a ternary homomorphism. Also, for a unital ternary c -algebra A of real rank
zero, every almost unital almost linear continuous mapping #: 4 — B is a ternary homomorphism
when h([3@3nvy]A) = [h(3”u)h(3”v)h(y)]3 holds for all u,ve]|(44,), all yeAd, and all

n=0,1,2,.... Furthermore, we investigate the Hyers-Ulam-Rassias stability of ternary
homomorphisms between unital ternary C-algebras.
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1. INTRODUCTION

Ternary algebraic operations were considered in the 19th century by several mathematicians and
physicists such as Cayley [5] who introduced the notions of cubic matrix, which in turn ([1,7,23,24,33,35])
was generalized by Kapranov at al. [22].

Following the terminology of Ref. [8], a nonempty set G with a ternary operation|.,.,.]: G3—>G is
called a ternary groupoid and is denoted by (G,[.,.,.]). The ternary groupoid (G,[.,...]). is called
commutative if [x,,x,,%]=[xs0)xo@xo3] for all x,x,,x; € G and all permutations ¢ of {1,2,3}. If a binary
operation o is defined on G such that [x, y,z] =(xoy)ozforall x,y,ze G, then we say that [.,.,.] is derived
from o.

We say that (G,[.,.,.]) is a ternary semigroup if the operation [.,.,.] is associative, i.e., if
[[x,y,z],u,v]=[x,[y,z,ul,v]=[x,y,[z,u,v]] holds for all x,y,z,u,ve G (see Ref. [2, 3, 13]).

A C'-ternary algebra is a complex Banach space A, equipped with a ternary produc
(X,Y,Z)— (X,Y,Z) of 4° into A, which is C -linear in the outer variables, conjugate C-linear in the

middle variable, and associative in the sense that [x, y,[z, w,v]]=[x,[w,z,y],v] =[[x,V,z],w,v] and satisfies
||[x, Vv, z]| S||x||||y||||z|| and”[x,x,x]" =||x||3. If a C'-ternary algebra (A4,[.,...]) has an identity, i.c., an element
ec A such that x=[x,e,e]=[e,e,x] for all xe A4, then it is routine to verify that 4, endowed with
xoy :=[x,e,y] and y= [e,x,e], is a unital C*-algebra. Conversely, if (4,0)is a unital C*-algebra, then

[x, v, z] = X0 y* oz makes Aintoa C’-ternary algebra. A C-linear mapping H : A — B is called a C'-ternary
algebra homomorphism if

H([x,y,z]) = [Hx), H(y),H(2)],
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for all x,y,z € 4. Ternary structures and their generalization the so-called n-ary structures, raise certain hops
in view of their applications in physics [2, 10, 13, 23, 36].

The study of stability problems originated from a famous talk given by S. M. Ulam [34] in 1940:
“under what condition does there exist a homomorphism near an approximate homomorphism?” In the next
year 1941, D. H. Hyers [15] answered affirmatively the question of Ulam. This stability phenomenon is
called the Hyers-Ulam stability of the additive functional equation g(x+y)=g(x)+g(y). A generalized

version of the theorem of Hyers for approximately linear mappings was given by Th.M. Rassias [32].

The stability phenomenon that was introduced and proved by Th. M. Rassias is called Hyers-Ulam-
Rassias stability. The stability problems of several functional equations have been extensively investigated
by a number of authors and there are many interesting results concerning this problem [6,9,11,12,14—
18,20,27-31].

Throughout this paper, let 4 be a unital ternary C -algebra with unit e, and B a unital ternary Banach

algebra with unit element ¢p. Let U(A) be the set of unitary elements in 4, 4,,:={x€ A‘x: x} and
I1(Agg) ={ve Asa|||v||=1,velnv(A)}. In this paper, we prove that every almost unital almost linear
mapping /:A— Bis a homomorphism when h([3nu3”vy]A) =[h(3"u)h(3™)h(»)] 5 for all u,veU(A),

all ye 4, and all n=0,1,2,.... Also, for a unital ternary (" -algebra A of real rank zero, every almost
unital almost linear continuous mapping h:4A—>B is a ternary homomorphism when
h([3”u3nvy]A)=[h(3”u)h(3”v)h(y)]B holds for all w,vei(45,), all ye4, and all n=0,1,2,...
Furthermore, we investigate the Hyers-Ulam-Rassias stability of ternary *-homomorphisms between unital

ternary (" -algebras. Note that a unital ternary C -algebra is of real rank zero, if the set of invertible self-adjoint
elements is dense in the set of self-adjoint elements [4]. We denote the algebraic center of 4 by Z(A).

2. TERNARY HOMOMORPHISMS ON UNITAL TERNARY C-ALGEBRAS

Following the same approach as in [26], we obtain the next theorem.
Theorem 2.1. Let f: A— B be a mapping such that f(0)=0 and that

F([3Mu3vy] ) =1 ™M) f GV (V)] (2.1)
for all u,veU(A), all ye A, and all n=012,.... Assume as well that there exists a function

o: (A - {0})2 - [0,00) such that §(x,y) = i3’”¢(3”x,3”y) <o forall x,ye A—{0} and that

n=0

Hzﬂ@)—uﬂm—uﬂw <¢(x,) 2.2)

/3"

311

for all weTand all x,ye A. If lim

n

€ 11(Bsy) N Z(B), then the mapping f : A— Bis a ternary

homomorphism.
Proof. Set n=1 in (2.2), it follows from Theorem 1 of [19] that there exists a unique additive mapping

h:A— B such that
| ()= ()] < %((T)(x, —x) + (-x,3%)) (2.3)

(3" x)

31’1

for all x € A—{0} . This mapping is given by A(x)=lim
n

the proof of Theorem 1 of [26], & is C-linear. It follows from (2.1) that

for all x € 4. By the same reasoning as in
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(sl LGS0l
9}’1

H(uy] ) = lim :
n n 9

[A@)h().f(V)]p (24)

forall u,veU(A4),all ye 4.

Since 4 is additive, then by (2.4), we have 3" h([uvy] 4) = h([uv(?,”y)]A =[h@)h(v) £ (3")]g for all
u,velU(A) andall ye 4.
Hence,

h([uvyl g = lim[h(u)h(V)f(;lzy)] =[h)h()h()]g (2.5)
n B

n
for all u,veU(A)andall y € 4. By the assumption, we have A(e) = 1imf(3—ne) € U(B) hence, it follows by
n 3

(2.4) and (2.5) that [h(e)h(e)h(y)]g = h([eey] ) =[h(e)h(e) f(y)]p for all y € 4. We denote the unit element
of B by ep. Since h(e) belongs to /{(Bg,) , then

h(y)= le e ph(M)] g = [[h(e)_leBh(e)]BeBh(y)]B = [h(e)_l[eBh(@)eB]Bh()/)]B =

=[he) Le pegh@)] )], =Th(e) e ple gh(@h()] g1 =
=[h(e) Tepe g(e)] gh()]  =[h(e) e ple gh(e)h(1)] gl 5 =
=[h(e) e llh(e) e gh(e)] gh(e)h(1] 1] 5= [h(e) e glh(e) e gLh(e)h(e)h(»)] g] 5=
=[h(e)"elh(e) e gl(e)h(e) [ (1) gl gl , =[h(e) "epllh(e) e ph(e)] (@S M =
=[h(e) e pegh(e)] gh()]  =Th(e) e plegh(e) S (M gl g =[h(e) e ph(e)el gf ()] 5 =

=[[h(e) e gh(e)] geB/ ] y=lepepf ()] g =
= f(y), forallyeA.
We have to show that f is a ternary homomorphism. For every a,be 4, we define a®b :=[aeb] 4.
Then ¢:AxA—> A is a binary product for which (4,¢) may be considered as a (binary) C -algebra. Also,
we have aeU(4,] | ) ifand only if a € U((4,0)) forall ae 4. Now, let a,b € A. By Theorem 4.1.7 of [21],

n m
a,b are finite linear combinations of unitary elements, i.e., a= X cju;,b= 2 djVj(Ci’dj € C’Miij elU(A)), it
i=1 j=1
follows from (2.5) that

F(Gaby) ) = hlaby] ) = E ciudE djv 3D 4 =

Zh([iiﬁdjui\/ﬂ]/l} =h(i§:0idj[”ivjy]z4 j:

i=1 j=1 i=1 j=1

= éécidjh([uivj]A) = éécidj[h(ui)h(v]')h(y)]B =
=[3 3 cid jhluph(y PO = (S cu)h(E d jv PO =
i=1 j=1 i=1 Jj=1
=[h(a)h(b)h(y)]g, forall ye A.
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This completes the proof of theorem.
Corollary 2.2. Let pe(0,1),0€[0,0) be real numbers. Let f:A—> B be a mapping such that
f£(0)=0 and that

@33y ) =11 (") f G (0]
forall uyveU(A),all ye A,and all n=0,1,2,... . Suppose that

Hzf(W)—uf(x)—uf(w <o« "+l

n
for all weT and all x,ye A. If lim f(3 )Ell(Bsa) then the mapping f:A— B is a ternary
n

homomorphism.
Proof. Set ¢(x,y):= (||x||p + || y||p ) all x,y € A. Then by Theorem 2.1 we get the desired result.

Theorem 2.3. Let A be a ternary C-algebra of real rank zero. Let f:A— B be a continuous
mapping such that f(0)=0 and that

F(3Mu3mvy] ) =1 £ 3Mu) f M (0)]g (2.6)

Sfor all u,ve[(4g,) all yeA, and all n=0\.12,... Suppose that there exists a function

~ n
¢:(A - {0})2 - [O,oo) satisfying (2.2) and ¢(x,y) <o forall x,ye A—{0}. If 1imf(3—ne) € 11(Bgq) » then
n 3
the mapping f : A— B is a ternary homomorphism.
Proof. By the same reasoning as in the proof of Theorem 2.1, there exists a unique C-linear mapping
h:A— B satisfying (2.3). It follows from (2.6) that

S([3Mu3ltvy] ) —lim [f(3Mu) f(3"™) f(¥)p
9" n 9"

for all u,ve1(4y,),andall y e 4. By additivity of 4 and (2.7), we obtain that

h([uvy] o) = lim =[h)h(v)f ()5 (2.7)

3" h([uvyl y) = h([uv(3”y)]A =[hw)h(v) f(3"y)]p> forall u,ve [1(4g,) andall ye 4.
Hence,

Wyl ) = hm[h(u)h(v)f G _lh@yh(h()]g. forall wve [1(4g)) andallye 4. (2.8)
3n B

By the assumption, we have

he) = limZ- (j"e) cU(B).

n

Similar to the proof of Theorem 2.1, it follows from (2.7) and (2.8) that A=f on A. So } is
continuous. On the other hand A4 is real rank zero. One can easily show that 7{(4,,) is dense in

{xe Asa:”x":l}. Let u,ve{xeAsa:”x”:l} There are {¢,},{z,} In  [;(4s,) such that
lim¢, =4, limz,=V . Since & is continuous, it follows from (2.8) that

h([uvy] 4) = h(lim (¢, 2 ¥)) = lim h([(t pzp )] y) = lim[A(e ) A(z )PV g = [R()A(WVR(V)] 5 » (2.9)
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for all ye A. Now, let a,be A. Then we have a=g,+ig,, b=5b,+ib,, where g,:= a;a , b= b;b
and ¢,:= a 4 b,= b-b are self-adjoint. First consider a, =b, =0, a;, b, #0. Since j is C-linear, it

I
follows from (2.9) that

f(abyl,)=h([aby],)= h([albD/]A) = h{"m””bl"hal” ”21” J:
d4

:"“"”'bl”hﬂnaln ) ] ”“l””bl”{ ) (n o

- oz g | Do, L) 001 s

Now, consider a, =, =0, a,, b, #0. Since 4 is C-linear, it follows from (2.9) that

1 (fa])={fa], )= (i), ) =~ [”“2"”’””{””” bl ”

:_||a2||||b2||h[[m’;—;”y} } "“2“"’”"{ ) [ﬁ]hm}f

iz by ”]hw} W s3], -

:[f(a)f(b)f(y)l?, forall ye 4.
Suppose a, =b, =0, a,,b, #0. Then by (2.9), we have

o), =) ) o 2 2] |-

<ol 2] [t oy o g oo -

{ {naln” ”j (”bz”" ”}hw} [haphGib ()], -
=[f a f(y)lg , forall ye 4.

Similarly we can show that

7 ([aty],)=[1 (@) £ (0)£ ()],
forall ye 4 if a,=b,=0, a,, b;#0. In the case that b,=0, a,, a,, b, #0, we have

/([aby],)=h([aby],)=h([(@ +ia)by],) = h([aby],)+ik([a:by], )=

Ak ] Jo{amytp]
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bty U“'"‘”""’””h[wzn bl
el o | et SN
lnzghigon] g o) -

JdB

= [aDh(B)h()], +i[ h(ay) bl)h(y)]B =[#(a +iah(b)h(y))]
:[f(a)f(b)f(y):lg, forall ye 4.

By a same reasoning above, we can show that

f([ats],) =/ (@) s (B) ()],
forall ye 4 if a, =0, q,,b,,b, #0. Now consider b, =0, a,,a,,b, #0. Then by (2.9), we have

f([aby]A) = h([aby]A) = h([(a1 +ia, )(ib2 )y:lA ) = h([ialbzy]A ) - h([azbzy]A ) =
:m(||m||||b2|| sy }—h[naznubzn g ]
=f||a1||||bz||h{ by ]—naznnbznh[ by ] ;
-l o 2 {2 } el o 25 ) [ﬁjhm} i 210)
{ {”“l” r ||J”“[””2” b U } *[Zh[”‘”” o ”1 ”f”" ™ }

=[h al lh bz)h y :|3+[lh a2 ih ] [h a1+la2)h(lb2

=[f(a)f(b)f(y)]3, forall ye A.

Also, by a same reasoning, we can see that
f([aby]A) =[f(@f®)f(»)],, forall yedif a =0,a,,b.b,#0.
Finally consider that a,,a,,b,,b, #0. Then by (2.9), we have

f([aby]A) =h([aby]A) = h([(al +ia2)(b1 +ib2)y]A)=
=h([alb1y]A)+h([ialb2y]A)+h([ia2bly] )— ([ia2 2y] )=

sl - b :I}ih(ablial by }}—H’h[a = by :IJh[a bl:az by }]:
{iligy] ol ] ooy ] el

=l 2 ﬂﬂy} }Li b h[ ﬂﬁy} J+

||a1|||| 1” U:”al” ||b1|| ) ||a1|||| 2” _||a1|| "b2” )

~—
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il [ﬂﬂy} lalloda| | 2= ]
el |

oo ||bz||

b +i b\l A
~lallol [n ||J (nbuJ Jedlo ||a1||] ™

h
Aol (o] 2

o

| J’“
ki L7l ligghlbigy o]
[ty gl |y o

=[h(a)h(B)h()], + [h(al)lh(bz)h(y)]B +[ih(a)h(b)h(»)], + [lh(az)lh(bz)h(y)] 5
=[h(ar+ia)h(bi+ib)h(N)], =[ (@ () f(»)],, forall ye4.

Hence, f([aby] ) =[f(a)f(b)f(y)]p forall a,b,y € A and fis ternary homomorphism.

Corollary 2.4. Let A be a ternary C -algebra of real rank zero. Let p € (0,1),0 €[0,) be real
numbers. Let : A— B be a mapping such that f(0)=0 and that

[>]

tu

@3yl ) =1/ GMu) f G ()]g (2.11)
Jorall u,ve1(As,),all ye A,and all n=0,1,2,... . Suppose that

<ofl <[

Hzf(@j—uﬂx)—uﬂy)

for all neTand all x,yeA. If lim———

n

, then the mapping f:A— B is a ternary

homomorphism.

Proof. Set ¢(x,y) = (” x”p + || y”p) for all x,y € A. Then by Theorem 2.3 we get the desired result.
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