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In this paper, we define the n -weak module amenability for a Banach algebra A  which is a Banach 
module over another Banach algebra Θ with compatible actions, and find the relation between n -
weak module amenability of A  and n -weak amenability J/A , where J  is the closed ideal of A  
generated by elements of the form )()( baba ⋅−⋅ αα  for A∈a  and Θ∈α . As a consequence we 
prove that )(1 S  is ( 12 +n )-weakly module amenable as an )(1 E -module, for each N∈n , where 
S  is an inverse semigroup with the set of idempotents E . 
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1. INTRODUCTION 

The concept of n -weak amenability was introduced by Dales, Ghahramani and Grønbæk in [7]. A 
Banach algebra A  is n -weakly amenable if every bounded derivation from A  into )(nA , n th dual space of 
A  is inner. A 1-weakly amenable Banach algebra is called weakly amenable. Johnson in [10] showed that 
the group algebra )(1 GL  is amenable if and only if G  is amenable, and so for any amenable group G , 

)(1 GL  is n -weakly amenable for each natural number n . Also he showed in [11] that for any locally 
compact group G , the group algebra )(1 GL  is weakly amenable. Later in [12] he proved that )(1 GL  is n -
weakly amenable for each N∈n  whenever G  is a free group. The same is true for an arbitrary locally 
compact group G  when n  is odd [7, Theorem 4.1]. Mewomo in [13] investigated the n -weak amenability 
of semigroup algebras and showed that for a Rees matrix semigroup S , )(1 S  is n -weakly amenable when 
n  is odd. He obtained a similar result for a regular semigroup S  with finitely many idempotents [13, 
Theorem 4.5]. 

The notion of weak module amenability of a Banach algebra A  which is a Banach module over 
another Banach algebra Θ  with compatible actions is defined in [4] and studied in [2]. The main result of [4] 
is that )(1 S  is weakly module amenable, as an )(1 E -module, when S  is commutative. The definition of 
weak module amenability is modified in [2] and the above result is proved for an arbitrary inverse semigroup 
(with trivial left action). One should note that the ideal J  in [2] is defined to be the closed ideal of A  
generated by elements of the form )()( baba ⋅−⋅ αα , for A∈a  and Θ∈α , whereas in [4] it was defined as 
the closed ideal of A  generated by elements of the form αα ⋅−⋅ )()( abab , for A∈a  and Θ∈α . These two 
ideals happen to be the same for the algebra )(1 S  with the corresponding actions of )(1 E  in [2] and [4], 
but the definition in [2] (adapted here) has the advantage that J  is also a Banach A -submodule of A . 

In this paper, we define the n -weak module amenability for Banach algebras and investigate this 
concept for inverse semigroup algebra )(1 S . The motivation of writing this paper is Theorem 3.15 (main 
result) which show that the inverse semigroup algebra )(1 S  is always n -weakly module amenable as an 

)(1 E -module when n  is odd. 



 Abasalt Bodaghi, Massoud Amini, Reza Babaee 2 278 

2. NOTATIONAS AND PRELIMINARY RESULTS 

Throughout this paper, A  and Θ  are Banach algebras such that A  is a Banach Θ -bimodule with 
compatible actions, that is )(=)(,)(=)( αααα ⋅⋅⋅⋅ baabbaab  for all A∈ba, , and Θ∈α . Let X  be a 
Banach A -bimodule and a Banach Θ -bimodule with compatible actions, that is  

),,()(=)(,)(=)(,)(=)( Xxaaxaxxaxaxaxa ∈Θ∈∈⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅ ααααααα A  

and similarly for the right or two-sided actions. Then we say that X  is a Banach A -Θ -module. Moreover, 
if αα ⋅⋅ xx =  for all Xx∈Θ∈ ,α  then X  is called a  commutative A -Θ -module. Note that when A  acts 
on itself by algebra multiplication, it is not in general a Banach A -Θ -module, as we have not assumed the 
compatibility condition baba ⋅⋅⋅⋅ )(=)( αα  for all A∈ba,  and Θ∈α . If A  is a commutative Θ -module 
and acts on itself by multiplication from both sides, then it is also a Banach A -Θ -module. 

Let X ′  be the conjugate (dual) space of X  consisting of all bounded linear functionals on X . We set 
)(= ′′′′ XX  and regard X  as a subspace of X ′′  by the canonical embedding. If X  is a Banach A -Θ -

module, then so are X ′  and X ′′  by the usual actions. For +∈Zn , we define )(nX  inductively by 
)(= 1)()( ′−nn XX , then )(nX  is a Banach A -Θ -module. In particular, if A  is a Banach Θ -module with 

compatible actions, then so are the iterated dual spaces )(nA . If moreover A  is a commutative Θ -module, 
then )(nA  is a commutative A -Θ -module. 

Let X  and Y  be A -Θ -modules, then a left A -Θ -module homomorphism from X  to Y  is a norm-
continuous map YXT →:  with )()(=)( yTxTyxT ±±  and ),(=)(),(=)( xTaxaTxTxT ⋅⋅⋅⋅ αα  for all 

,, Xyx ∈ A∈a  and Θ∈α . A right or two-sided A -Θ -module homomorphism is defined similarly. For 
+∈Zn , the canonical embedding xxXX nn ˆ;)2()( +→  and the projection ΦΦ→+ ;: )(2)( nn XXP  are A -

Θ -module homomorphisms, where Φ  is the restriction of Φ  to )1( −nX . 
Let E  be a linear space and let F  be a family of *w -continuous functionals on E . The weak topology 

generated the family F  is denoted by ),( FEσ , in particular we denote ),( AA ′′′σ  by σ . Let ∇  and ◊  be the 
first and second Arens products on the second dual space A ′′ , respectively. Then  

 kj
kj

baGF limlim=∇    in ),( σA ′′ ,       kj
jk

baGF limlim=◊    in ),( σA ′′ , 

where jj aF ˆlim=  and kk bG ˆlim=  in ),( σA ′′ . When these two products coincide on A ′′ , we say that A  is  

Arens regular (for more details refer to [6]). All over this paper, A ′′ and Θ′′  are Banach algebras with the 
first Arens product. 

Let X  be a Banach A -Θ -module. We define actions A ′′  and Θ′′  on X ′′  such that X ′′  is a Banach 
A ′′ -Θ′′ -module with the compatible actions. For X ′′∈Φ  and X ′∈λ , define Θ′∈⋅Φ λ  by 

〉⋅Φ〈〉⋅Φ〈 αλαλ ,=, , where Θ∈α . For Θ′′∈ℑ  and X ′′∈Φ , define X ′′∈ℑ⋅ΦΦ⋅ℑ ,  by 
〉⋅Φ〈ℑ〉Φ⋅〈ℑ λλ ,=,  and ).(;,=, X ′∈〉⋅ℑΦ〈〉ℑ⋅Φ〈 λλλ  Finally, for X ′∈Θ′′∈ℑ λ,  and Xx∈ , define 

Θ′∈⋅ xλ  and X ′∈⋅ℑ λ  by  

 ).,(,,=,,,=, Θ∈′∈〉⋅〈ℑ〉⋅〈ℑ〉⋅〈〉⋅〈 αλλλαλαλ Xxxxx  

If in the above actions we replace Θ  by A , we obtain the actions of A ′′  on X ′′ . Similarly, A ′′  is Θ′′ -
bimodule. Let Θ′′∈ℑ , A ′′∈G , and X ′′∈Φ . Take the nets Θ⊂)( jα , A⊂)( ka , and Xxl ⊂)(  such that 

ℑ→
*ˆ w

jα , Ga w
k →

*ˆ , and Φ→
*ˆ w

lx . It follows from the above discussion that module actions Θ′′  on 

A ′′  are  
 jk

jk
kj

kj
aGaG αα ⋅ℑ⋅⋅⋅ℑ limlim=,limlim= in  ),( σA ′′ , 

and X ′′  with the respect to the module actions  
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 jl
jl

lj
lj

xx αα ⋅ℑ⋅Φ⋅Φ⋅ℑ limlim=,limlim=     in  )),,(,( XXX ′′′′′ σ  

is a Θ′′ -bimodule. Also, we have  
 kl

kl
lk

lk
axGxaG ⋅⋅Φ⋅Φ⋅ limlim=,limlim= in  .)),(,( XXX ′′′′′ σ  

Take A ′′∈HG, , Θ′′∈ℑ . Then HGHG ∇⋅ℑ∇⋅ℑ )(=)(  and )(=)( ℑ⋅∇ℑ⋅∇ HGHG . Therefore A ′′  is 
a Banach Θ′′ -bimodule with compatible actions. Also, for each Θ′′∈ℑ , A ′′∈G , and X ′′∈Φ , we have 

Φ⋅⋅ℑΦ⋅⋅ℑΦ⋅ℑ⋅Φ⋅ℑ⋅ )(=)(,)(=)( GGGG  and GG ⋅Φ⋅ℑ⋅Φ⋅ℑ )(=)( . Hence, X ′′  is a Banach A ′′ -Θ′′ -
module with the left compatible actions and similarly for the right or two-sided actions. Therefore we have 
the following result:  

PROPOSITION 2.1.  If X  is a Banach A -Θ -module with compatible actions, then X ′′  is a Banach 
A ′′ -Θ′′ -module.  

A bounded map XD →A:  is called a Θ -module derivation if 
,)(=)(),(=)( αααα ⋅⋅⋅⋅ aDaDaDaD  and ),()(=)(),()(=)( bDabaDabDbDaDbaD ⋅+⋅±±  for all 

Θ∈α  and A∈ba, . If X  is a commutative A -Θ -module, then each Xx∈  defines a module derivation 
axxaaDx ⋅−⋅=)(  for all Θ∈a . These are called the  inner module derivations. The Banach algebra A  is 

called  module amenable (as an Θ -module) if for any commutative Banach A -Θ -module X , each  
Θ -module derivation XD ′→A:  is inner [1]. We use the notations ),( XZ ′Θ A  for the set of all Θ -module 
derivations XD ′→A: , ),( XB ′Θ A  for those which are inner, and ),( XH ′Θ A  for the quotient group 

),()/,( XBXZ ′′ ΘΘ AA . Therefore A  is Θ -module amenable if and only if {0}=),( XH ′Θ A , for each 
commutative Banach A -Θ -module X . 

Consider the module projective tensor product AA Θ⊗̂  which is isomorphic to the quotient 
space )/A (A Θ⊗̂ I , where I  be the closed ideal of the projective tensor product AA ⊗̂  generated by 
elements of the form baba ⋅⊗−⊗⋅ αα  for A∈Θ∈ ba,,α . Also consider the closed ideal J  of A  
generated by elements of the form )()( baba ⋅−⋅ αα  for A∈Θ∈ ba,,α . Then I  and J  are A -submodules 

and Θ -submodules of AA ⊗̂  and A , respectively, and the quotients AA Θ⊗̂  and J/A  are A -modules and 
Θ -modules. Also, J/A  is an Banach A -Θ -modules with the compatible actions when A  acts on J/A  
canonically. 

3. N-WEAK MODULE AMENABILITY OF BANACH ALGEBRAS 

Let X  be a normed space, let XY ≤  and XZ ′≤  be subspaces of X  and X′ , respectively. The 
annihilators ⊥Y  of Y  and Z⊥  of XZ ′≤  are defined by )}(0=,:{= YXY ∈〉〈′∈⊥ xxff  and 

)}.(0=,:{= ZXZ ∈〉〈∈⊥ fxfx  Then ⊥Y  and Z⊥  are closed subspaces of X′  and X , respectively. Also 
)( ⊥⊥ Y  is the norm closure Y  in X , and ⊥⊥ )( Z  is the ),( XX′σ - closure of Z  in  X′ . 
Let A  and Θ  be as in the previous section and X  be a Banach A -Θ -module. Let I  and J  be the 

corresponding closed ideals of AA ⊗̂  and A , respectively. For )(nY A≤  and 0≥n , define )( ⊥nY  by 
induction: A≤⊥ YY =)(0 , A′≤⊥⊥ YY =)(1 , and )(2)()2)(()( =)()(= nnnn YY AA ′′≤ −⊥⊥⊥−⊥ . It is well-known that 

)(2)(2)(2 /=)/( ⊥nnn JJ AA  and )1)((21)(2 =)/( ⊥−− nn JJA . 
In the following lemma, we show that J  is indeed equal to the closed subspace generated by elements 

of the form )()( baba ⋅−⋅ αα .  

LEMMA 3.1. With the above notation, }.,,:)(){(= A∈Θ∈⋅−⋅ bababaspanJ ααα   
Proof. Let },,:)(){(= AJ ∈Θ∈⋅−⋅ bababa ααα , then J  is the closed ideal generated by J . But 

(J)span  is a closed ideal of A  containing the generators of J , hence (J)J span⊆ . The reverse inclusion is 
trivial. 
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Definition 3.2.  Let A  be a Banach algebra, N∈n . Then A  is called n - weakly module amenable (as 
an Θ -module) if )()/( nJA  is a commutative A -Θ -module, and each module derivation )()/(: nJD AA →  is 
inner; that is, )(=:=)( aDayyaaD y⋅−⋅  for some )()/( nJy A∈  and each Aa∈ . A Also A  is called  
permanently weakly module amenable if A  is n -weakly module amenable for each N∈n .  

When C=Θ (the set of complex numbers), we have {0}=J  and )(nA  is automatically a commutative 
A - C -module. Also derivations and module derivations are the same, hence n - weak module amenability is 
the same as n -weak amenability for A . In general, it follows from the above definition that every module 
amenable Banach algebra is permanently weakly module amenable. Also we have the following simple 
result. 

PROPOSITION 3.3.  Let A  be a Banach algebra, N∈n . Suppose that A  is 2)( +n -weakly module 
amenable. Then A  is n -weakly module amenable. 

LEMMA 3.4.  For each odd 1≥n , if )(nY A≤  is a commutative A -Θ -module, then )( ⊥≤ nJY . 
Proof. We argue by induction on odd n ’s. For 1=n , from the fact that Y  is a commutative A -

submodule of )(nA ,  

 〉⋅⋅〈−〉⋅⋅〈〉⋅〈−〉⋅〈〉⋅−⋅〈 bayaybabyabyabyy ,)(),(=,,=,=0 αααααα  
    〉⋅⋅〈−〉⋅⋅〈〉⋅〈−〉⋅⋅〈〉⋅⋅〈−〉⋅⋅〈 bayaybbayaybbayayb αααααα ,,=,).(),(=),(,)(=  
    ,)()(,=)(,)(,= 〉⋅−⋅〈〉⋅〈−〉⋅〈 babaybaybay αααα  

for each Yyba ∈∈Θ∈ ,,, Aα . It follows from the above lemma and the linearity and continuity of y  as a 
functional on A  that ⊥≤ JY . Next if 3≥n  is odd and )(nY A≤  is a commutative A -Θ -module, then 

0,=,=, 〉⋅〈〉⋅〈 ayay αα  for each ,,, YyYa ∈∈Θ∈ ⊥α  hence ,YY ⊥⊥ ⊆⋅Θ  and the same for the right action. 
Thus 1)( −⊥ ≤ nAY  is an A -Θ -module. On the other hand, 0,=,=, 〉⋅−⋅〈〉⋅−⋅〈 byybby αααα  for each 

,,, 3)( −∈∈Θ∈ nbYy Aα  we have .Ybb ⊥∈⋅−⋅ αα  Hence for each ,, Yz ⊥⊥∈Θ∈α  and 3)( −∈ nb A  
0.=,=, 〉⋅−⋅〈〉⋅−⋅〈 αααα bbzbzz  Hence 0,=zz ⋅−⋅ αα  thus 2)( −⊥⊥ ≤ nY A  is a commutative A -Θ -

module, and by the induction hypothesis, .)2)(( ⊥−⊥⊥ ≤ nJY  Therefore .=)()( )()2)(( ⊥⊥⊥⊥−⊥⊥⊥⊥ ≤≤ nn JJYY    •  

PROPOSITION 3.5.  Let A  be a Banach algebra. If )()/( nJA  is a commutative A -Θ -module and 
both A  and Θ  have bounded approximate identities then n -weak amenability of A  implies its n -weak 
module amenability, for each odd n .  

Proof. Let )()/(: nJD AA →  be a bounded Θ -module derivation and }{ jα  be a bounded approximate 

identity for Θ . By Cohen factorization theorem, for each A∈a  there are Θ∈γβ , , A∈b , and )(nA∈Φ  
such that ba ⋅β= , and Φ⋅γ=)(aD . Then for each A∈a  and C∈µ  we have  

           )(lim=))((lim=))((=)( aDbDbDaD j
j

j
j

⋅⋅⋅ µαβαµβµµ  

                      ).(=)(=)(lim=)(lim= aDaD j
j

j
j

µγµγµαµα Φ⋅Φ⋅⋅⋅  

Therefore D  is linear. Since n  is odd, )()( =)/( ⊥nn JJA  could be considered as a submodule of )(nA , 
and )(: nD AA →  is a bounded derivation. By assumption, there is )(ny A∈  such that yDD = . We claim that 

)( ⊥∈ nJy . Since D  is a module derivation, 0,=)()(=)( aDaDayy ⋅−⋅⋅⋅−⋅ αααα  for each A∈Θ∈ a,α . 
Since A  has a bounded approximate identity, by Cohen factorization theorem, bxyy ⋅⋅−⋅ =αα , for some 

A∈b  and A′∈x . By the above equality, 0=)(= abxbax ⋅⋅⋅ , for each A∈a . Again, since A  has a 
bounded approximate identity, the above equality implies that 0=.bx , that is αα ⋅⋅ yy = , for each Θ∈α . 
An argument similar to the first display in the proof of Lemma 3.4 shows that )( ⊥⊥ ≤∈ nJJy , proving the 
claim. Therefore D  is inner as a module derivation into )()/( nJA .  



5 Module derivations into iterated duals of Banach algebras  281

As we will see later in the last section, there is a Banach algebra which is n -weakly module amenable 
for N∈n , but it is not weakly amenable, so the converse of the above Proposition is false. 

PROPOSITION 3.6.  Let X  be a Banach A -Θ -module and XD →A:  be a Θ -module derivation. 
Then the second transpose XD ′′→′′′′ A:  of D  is a Θ′′ -module derivation.  

Proof. Obviously, D ′′  is bounded. For each Θ′′∈ℑ  and A ′′∈G , we can obtain ℑ⋅′′ℑ⋅′′ )(=)( GDGD  
and )(=)( GDGD ′′⋅ℑ⋅ℑ′′ . Now it follows from the proof of [7, Proposition 1.17] that 

)()(=)( GDFGFDGFD ′′⋅+⋅′′∇′′ , for all A ′′∈GF , . This completes the proof. 
We modify the definition of module Arens regularity [15] to avoid complications such as those 

discussed in [16]. Here we do not require the maps AA →:λR  to be Θ -module homomorphism. The 
results of [15] after correction [16] remain valid with this new definition. 

Definition 3.7. A  is called  module Arens regular (as an Θ -module) if Θ -module homomorphisms 
λλ ⋅→ aaR ;: AA  are weakly compact for any ⊥∈ Jλ .  

Recall that ),( ⊥′′ JAσ  is the weak topology generated the family ⊥J  of *w -continuous functionals on 
A ′′ . For N∈n , we consider the Arens products ∇  and ◊  on Banach algebra )(2= nAB . On the other hand, 
B  is module Arens regular if and only if the map GFG ∇′′→′′ ;BB  is ),( ⊥′′ BB Jσ -continuous for any 

2)(2= +′′∈ nF AB  (see [15, Theorem 2.3]), where BJ  is the corresponding ideal of B . In the following results 
we consider the first Arens product for )(2nA  for all N∈n .  

LEMMA 3.8. Let Y  be a Banach A -Θ -module. Then the map YYP ′′→(4):  is a left A ′′ -Θ′′ -
module. Also P  is a A ′′ -Θ′′ -module map when the map FFYT ⋅Φ′′→′′ ;: A  is *w - *w -continuous for 
each fixed Y ′′∈Φ . In particular, if A  is module Arens regular then the map AA ′′→(4):P  is a A ′′ -Θ′′ -
module homomorphism.  

Proof. We can show that )(=)( ϒ⋅ϒ⋅ PFFP  and )(=)( ϒ⋅ℑϒ⋅ℑ PP , for all (4)X∈ϒ , A ′′∈F  and 
Θ′′∈ℑ . Since T  is *w - *w -continuous, we conclude that ℑ⋅ϒℑ⋅ϒ )(=)( PP  and FPFP ⋅ϒ⋅ϒ )(=)( . When 

A  is module Arens regular, then the map GFG ∇  is ),( ⊥′′ JAσ -continuous, for any A ′′∈F (see [15, 

Theorem 2.3]) and the above argument applies to .: (4) AA ′′→P  

PROPOSITION 3.9. Let A  be a Banach Θ -module, and )(2)/(= nJY A , and YD →A:  be a Θ -
module derivation. If 2)(2 −nA  is module Arens regular, then there is a Θ′′ -module derivation YD n →)(2:~ A  
such that )(=)~(~ aDaD  for all A∈a , where a~  is the canonical image a  in )(2nA .  

Proof. It follows from Proposition 3.6 that 2)(2)/(=: +⊥⊥′′′′→′′′′ nJYD AA  is a Θ′′ -module derivation. 

Since 2)(2= −nAB  is module Arens regular, the projection BB ′′→(4):P  is a B ′′ -Θ′′ -module homomorphism 
by Lemma 3.8. Let A ′′∈F  and (4)B∈Φ , we have )(=)( Φ⋅Φ⋅ PFFP , therefore P  is an A ′′ -Θ′′ -module 
homomorphism. For 1=n , we get DPD ′′=~  by Lemma 3.8. Now the result follows by a straightforward 
induction argument.                                                                                      

COROLLARY 3.10. Let A  be a Banach Θ -module and )/(= ′′JY A  be a commutative A -Θ -
module. If A  is module Arens regular and {0}=),( YH A ′′Θ ′′ , then A  is 2 -weakly module amenable.  

Proof. Assume that YD →A:  is a A -module derivation. By Proposition 3.9, there exists 
),(~ YZD AΘ ′′∈  such that )(=)ˆ( aDaD  for all A∈a . By assumption, there exists YF ∈  such that 

).(,=)(~ A ′′∈∇−∇ GFGGFGD  Hence, for each A∈a , FaaFaDaD ⋅−⋅=)(~=)( . Therefore, A  is 2 -
weakly module amenable. 

COROLLARY 3.11. Let A  be a Banach commutative Θ -module. If for {0}∪N∈n , )(2nA  is module 

Arens regular and {0}=),( 2)(22)(2 ++
Θ

nnH AA , then A  is )(2n -weakly module amenable for all N∈n .  
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Proof. By the hypothesis and Corollary 3.10 and A  and A ′′  are 2 -weakly module amenable. Let 
N∈m  and let A  be )(2m -weakly module amenable. We show that A  is 2)(2 +m -weakly module 

amenable. Since A ′′  satisfies the same properties as A , we may suppose A ′′  is )(2m -weakly module 
amenable. Put )(2= mAB  and assume that BA ′′→:D  is a Θ -module derivation. Hence (4): BA →′′′′D  is a 
Θ′′ -module derivation by Proposition 3.6. Also by Lemma 3.8 the projection BB ′′→(4):P  is a B ′′ -Θ′′ -
module morphism. Since ))(,(=),(=~ )(2mZZDPD AABA ′′′′′′′′∈′′ Θ ′′Θ ′′ , there exists B ′′∈Ψ  such that 

),(=)(~ A ′′∈⋅Ψ−Ψ⋅ FFFFD and so BA ′′→:D  is inner.                                  •   

PROPOSITION 3.12.  Let A  be a Banach Θ -module and )()/(= nJY A  be a commutative A -Θ -
module. Then {0}=),/({0}=),( YJHYH AA ΘΘ ⇔ .  

Proof. Suppose that {0}=),/( YJH AΘ . The Θ -commutativity of Y  and the compatibility of actions of 
A  and Θ  on n -th predual of Y  show that 0== JYYJ ⋅⋅ . Hence, the following module actions are well-
defined  

 ),,(:=)(,:=)( A∈∈⋅+⋅⋅⋅+ aYyayJayyayJa  

therefore Y  is a Banach J/A -module. Assume that YD →A:  is a module derivation. Define YJD →/:~ A  
via )(=)(~ aDJaD + . It is easy to check that 0=))()(( babaD ⋅−⋅ αα  for all A∈α  and A∈ba, . On the 
other hand, Since J  is a closed ideal, the restriction of D  to J  is zero. Therefore D~  is well-defined. By 
hypothesis, {0}=),( YH AΘ . Conversely, if YJD →/: A  is a module derivation, then the derivation 

YD →A:~:  defined by )(=)(~ JaDaD +  is inner.                                                           •  
We say that Θ  acts trivially on A  from left (right) if for each Θ∈α  and A∈a , afa )(= αα ⋅  (resp. 

afa )(= αα⋅ ), where f  is a continuous linear functional on Θ . 

LEMMA 3.13. If Θ  acts on A  trivially from the left or right and J/A  has a right bounded 
approximate identity, then for each Θ∈α  and A∈a  we have Jaaf ∈⋅− αα )( .  

Proof. We prove the result for the left trivial action. Assume that )( Je j +  is a right bounded 
approximate identity for J/A . For each Θ∈α  and A∈a , we have JaJeJa jj +⋅++⋅ αα =))((lim , and 
so    

  ( ) 0ja e a J⋅ α − ⋅ α + →  (3.1) 

as ∞→j . Since for each j , Jaefea jj ∈−⋅ )()( αα , we have 

 ( ) ( ) = 0.j ja e f ae J⋅ α − α +  (3.2) 

Again, from the defnition of bounded approximate identity, .)(=))()((lim JafJeJaf jj +++ αα  
Hence    

 ( ) ( ) 0jf ae f a Jα − α + →   (3.3) 

as ∞→j . Using (3.1), (3.2), (3.3), and triangle inequality we obtain the desired result. 
The above Lemma shows that when Θ  acts on A  trivially from left or right, then the actions of Θ  on 

J/A  from both sides are trivial, that is JafJaJa +⋅++⋅ )(=)(=)( ααα  for all A∈a  and Θ∈α . Thus 
the actions of A  on )()/( nJA  are trivial, for all 1≥n . In particular, )()/( nJA  is a commutative A -Θ -module, 
for each N∈n . 

Recall that a left Banach A -module X  is called a left essential A -module if the linear span of 
},:{= XxaxaX ∈∈⋅⋅ AA  is dense in X . Right essential A -modules and (two-sided) essential A -

bimodules are defined similarly. 
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THEOREM 3.14. Let 1≥n  be odd. Let J/A  has a left or right identity and Θ  acts  trivially on A  
from left. If A  is n -weakly module amenable, then J/A  is n -weakly amenable. The converse is true if A  is 
a right essential Θ -module. 

Proof. Let )()/(/: nJJD AA →  be a derivation and let )()/(:~ nJD AA →  be defined by )(=)(~ JaDaD + , 
for A∈a . It follows from Lemma 3.13 that ),(~=)(~ aDaD ⋅⋅ αα  and ,)(~=)(~ αα ⋅⋅ aDaD  for each Θ∈α  
and A∈a . Also )(~)(~=)(~ bDaDbaD ±±  and )(~)(~=)(~ bDabaDabD ⋅+⋅ , for all A∈ba, . Thus D~  is a 
module derivation. Hence, there exists )()/( nJA∈Φ  such that aaaD ⋅Φ−Φ⋅=)(~ .Therefore 

)()(=)( JaJaJaD +⋅Φ−Φ⋅++ , and so D  is inner. For the converse, since J/A  is a commutative A -
module, it is enough show that an arbitrary derivation )()/: nJD (AA →  is a module derivation. Define 

)()//:~ nJJD (AA →  via )(=)(~ aDJaD + . By the proof of Proposition 3.12, that is well-defined. Now, we 
show that D~  is C -linear. If A  is an essential right Θ -module, then every Θ -module derivation is also a 
derivation, and so it is linear. If A∈a , then there is a sequence Θ⋅⊆ A)( nb  such that abnn =lim . Assume 
that mnmn

nP
mn ab ,,1== α⋅∑  for some finite sequences A⊆nPm

mmna =
1=, )(  and Θ⊆nPm

mmn
=
1=, )(α . Let C∈λ . Then  

)(=)(=)()(=))((=)()( ,,
1=

,,
1=

,,
1=

,,
1=

nmnmn

nP

m
mnmn

nP

m
mnmn

nP

m
mnmn

nP

m
n bDaDaDaDaDbD λαλλαλααλλ ⋅⋅⋅⋅= ∑∑∑∑  

and so, by the continuity of D , )(=)( aDaD λλ  This shows that D~  is linear, and so it is inner. Therefore D  
is an inner module derivation.  

An  inverse semigroup is a discrete semigroup S  such that for each Ss∈ , there is a unique element 
Ss ∈′  with ssss =′  and ssss ′′′ = . Elements of the form ss ′  are called  idempotents of S  and denoted by 

E . Suppose that S  is an inverse semigroup with the set idempotents E , endowed with the partial order 
).,(= Edeeedde ∈⇔≤  It is easy to show that E  is a (commutative) subsemigroup of S . In particular 

)(1 E  could be regard as a subalgebra of )(1 S , and thereby )(1 S  is a Banach algebra and a Banach 
)(1 E -module with compatible actions [1]. Here we let )(1 E  act on )(1 S  by multiplication from right and 

trivially from left, that is 

 = ,e s sδ ⋅ δ δ   essees δδδδδ *==⋅   (3.4) 

for all Ss∈  and Ee∈ . In this case, the ideal J  (see section 2) is the closed linear span of 
}.,,{ EeStsstset ∈∈−δδ  We consider an equivalence relation on S  as follows: 

).,( StsJts ts ∈∈−⇔≈ δδ  For an inverse semigroup S , the quotient ≈/S  is a discrete group (see [3] and 
[14]). As in [15, Theorem 3.3], we may observe that )/()/( 11 ≈≅ SJS . With the notations of previous 
section, JS)/(1  is a commutative )(1 E -bimodule with the following actions:  

,=)( JJ sse ++⋅ δδδ    ).,(=)( EeSsJJ sees ∈∈+⋅+ δδδ  

It is proved in [2, Corollary 3.5] that if S  is an inverse semigroup with an upward directed set of 
idempotents E  (that is condition 1D  of [8]) then )(1 S  is weakly module amenable as an )(1 E -module. In 
the following theorem, we remove this condition and extend this result for ( 12 +n )-weak module 
amenability.  

THEOREM 3.15. Let S  be an inverse semigroup with the set of idempotents E . Then, for each 
N∈n , )(1 S  is ( 12 +n )-weakly module amenable as an )(1 E -module with trivial left action.  

Proof. With the actions )(1 E  on )(1 S  considered in (3.4), )(= 1 SA  is always a right essential 
)(1 E -module. If )(1 Sf ∈ , we have ,)(=)(=)(= ** sssSssssSssSs sfsfsff δδδδδ ⋅∗ ∑∑∑ ∈∈∈  that belongs to 

the closed linear span of },:{=)()( 11 SsEeES es ∈∈⋅⋅ δδ . Since ≈/S  is a discrete group, the group 
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algebra )/(1 ≈S  has an identity. Now, the result follows from [7, Theorem 4.1] and Theorem 3.14 with 
)(= 1 SA  and )(= 1 EΘ .  

Let S  be an inverse semigroup with the set of idempotents E . If )(* SC  is the enveloping *C -algebra 
of )(1 S  (see [9]), then by continuity the action of )(1 E  on )(1 S  extends to an action of )(* EC  on )(* SC  
and we have the following result: 

THEOREM 3.16. Let S  be an inverse semigroup with the set of idempotents E , then for each 
+∈Zn , )(* SC  is n -weakly module amenable as a )(* EC -module with trivial left action.  
Proof. Since, the *C -algebra )(* EC  has a bounded approximate identity, by Cohen factorization 

theorem )(* SC  is a right essential )(* EC -module. Thus, it follows from the proof of Theorem 3.14 that each 
)(* EC -module derivation on )(* SC  is a C -linear derivation. Since, the *C -algebra )(* SC  is n -weakly 

amenable [7, Theorem 2.1], it is also n -weakly module amenable as a )(* EC -module.               
Example 3.17. )(i  Consider the inverse semigroup nn IS N∈∪= , where nI  is the semigroup of all 

partial one-one maps on },{1,2, n…  [5, Remark 2.7(5)]. Then )(1 S  is not weakly amenable, but it has a 
bounded approximate identity (since SEE =  is obviously upward directed, and so satisfies the Duncan-
Namioka condition 1D  [8]). It is easy to see that ≈/S  is the group nn SG N∈∪=  of finite permutations of N . 
Now )/(1 ≈S  is ( 12 +n )-weakly amenable, for each +∈Zn  [7]. It follows from Theorem 3.14 that )(1 S  is 

( 12 +n )-weakly module amenable as an )(1 E -module, for each +∈Zn . 
)(ii  Let S  be the bicyclic inverse semigroup generated by a  and b , that is 0},:{= ≥nmba nmS  for 

which mnnm baba =)( * . The set of idempotents of S  is 0,1,...}=:{= nbaE nn
S  with the order 

.nmbaba mmnn ≤⇔≤  It is shown in [3] that )(1 S  is )(1
SE -module amenable, and so it is n -weakly 

module amenable for each N∈n , but is not even weakly amenable [5, Theorem 2.8]. 
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