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The unsteady flow of an incompressible second grade fluid in an infinitely long tube of elliptical
cross-section is considered under constant pressure gradient. The resulting governing equation is a
time dependent PDE which is solved for exact solution using separation of variables method.
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1. INTRODUCTION

Many industrial materials including clay coatings, drilling muds, suspensions, certain oils and greases,
polymer melts, elastomers and many emulsions have been categorized as non-Newtonian fluids. Newtonian
fluids can be described by a single model but it is difficult to suggest a single model which exhibits all
properties of non-Newtonian fluids. The classification of non-Newtonian fluids has remained much
confused. However, non-Newtonian fluids may be classified as: (i) fluids for which the shear stress depends
on the shear rate (ii) fluids for which the relation between the shear stress and shear rate depends on time;
(iii) fluids which possess both elastic and viscous properties called visco-elastic fluids or elastico-viscous
fluids[1]. To recommend a single constitutive equation for use in the cases described in (i), (ii) and (iii) it
does not seem possible because of great diversity in the physical structure of non-Newtonian fluids.
Therefore, many constitutive equations for non-Newtonian fluids have been proposed. Most of them are
empirical or semi-empirical.

Although many constitutive equations have been suggested, many questions are still unsolved. Some of
the continuum models do not give satisfactory results in accordance with the available experimental data.
Therefore, in many practical applications, empirical or semi-empirical equations have been used. The
constitutive equation of a second grade fluid is a linear relation between the stress and the first Rivlin-
Ericksen tensor, the square of the first Rivlin-Ericksen tensor and the second Rivlin-Ericksen tensor [5]. The
constitutive equation has three coefficients. There are some restrictions on these coefficients due to the
Clausius-Duhem inequality and due to assumption that the Helmholtz free energy is minimum in
equilibrium. A comprehensive discussion on the restrictions for these coefficients has been given by Dunn
and Fosdick [6], and Dunn and Rajagopal [7]. The equation of motion of incompressible second grade fluids
is of higher order than the Navier-Stokes equation. The Navier-Stokes equation is a second order partial
differential equation, but the equation of motion of a second grade fluid is a third-order partial differential
equation. A marked difference between the case of the Navier-Stokes theory and that for fluids of second
grade is that ignoring the non-linearity in Navier-Stokes does not lower the order of the equation, however,
ignoring the higher order non-linearities in the case of the second grade fluids, reduces the order of the
equation. Exact solutions are very important for many reasons. They provide a standard for checking the
accuracies of many approximate methods such as numerical and empirical. Although computer techniques
make the complete numerical integration of the non-linear equations feasible, the accuracy of the results can
be established by a comparison with an exact solution. Many attempts to collect the exact solution of the
non-linear equations for unsteady flow of second grade fluid have been done by different researcher for
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different geometries. The only comprehensive review is that due to [8,9]. However, there are many new
exact solutions which have been published in journals or in review articles. Two recent reviews, one for
unsteady flows [10-12] and the other for steady flows of non-Newtonian fluids have been published by [13].

An exact solution is defined as a solution of the non-linear governing equations and the continuity
equation. An exact solution may be in a closed form, in a series form or in a form expressed by a numerical
method. Most of the exact solutions for unsteady flows are in series forms. They may be slowly convergent
or rapidly convergent. However,it is possible to replace a rapidly convergent series with a slowly convergent
one. Then this provides very important facilities. Steady or unsteady flows, one can be obtained as a result of
several effects. This can be some kind of motion of the boundaries, application of a body force, wall that
applies a tangential stress on the fluid or application of a pressure gradient. One or two of these effects can
be applied together to the fluid. If the fluid is initially at rest, the motion of the fluid may eventually become
steady or remain unsteady. This fact depends on the boundary condition and the kind of effects exerted on
the fluid to set it in motion. In this paper, the flow is obtained as a result of sudden application of a pressure
gradient, therefore this is time-dependent problem. The examination of this flows is not only done to
characterize it but also to follow its development in time.

2. GOVERNING EQUATIONS

The basic equations governing the flow of an incompressible second grade fluid in the absence of body
forces and thermal effects are

divV =0, (1)
pV =—-Vp +divr, )

where p is the constant density, V is the velocity vector, p is the pressure, T is the stress tensor, \Y%

denotes the material derivative. Assuming that the flow is unsteady and two dimensional, we seek the
velocity profile of the form

V=(u(y,z1),0,0). 3)
The stress tensor 7 defining a second grade fluid is given by [7-9]
T=pA, + A, +0,A7,

where U is the coefficient of viscosity and o, and o, are material constants associated with the non-linear

terms. The Rivlin-Erickson tensor, 4, , are defined as:

A, = I-the identity tensor, and

DA
A :T"t*lJrAn_l(VV)Jr(VV)’An_L n>1.

n

For unsteady two dimensional flow of a second grade fluid, equation (2) in components form yield:
Xx-component:

a_u:_a_p_|_ (az_u+az_u)+a ﬁ((az_l/l+(92_l/l)
o "o M e T Naer )
y-component:
2
0=-L s Qa, + o) [ 2| 4 Ly s
oy ov\oy) oz oy ez ()

z-component:
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op 0 Oudu, O ,0u
0=——"+Qa, +0,)—(——)+—(—)*=0.
5 T 2)8y(8u %% (6)

The Clausius-Duhem inequality and the condition that the Helmholtz free energy is minimum in
equilibrium provide the following restrictions [1, 2]:

nu=>0, ao,20 and (2o, +a,)=0.

(7)
A comprehensive discussion on the restrictions for £ , &, and @, can be found in the work by Dunn

and Rajagopal [1]. The sign of the material moduli &, and «, is the subject of much controversy [2—4].
Making use of equation (7) in equations (5) and (6) we get

6_p:O and 6p_0

oy oz
showing that p = p(x), Therefore equations(4), (5) and (6) reduces to single equation, i.e.,

2 2 2 2
a_u:_ld_p+v (a_u+a_u)+Bg(a_u+a_u) 8
ot pdx w2 oz2) ot oy: oz (8)

o
where p=—1.

3. PROBLEM FORMULATION

Consider the flow of an incompressible, isothermal second grade fluid in an infinitely long tube, under
constant pressure gradient 6_p and negligible gravity. The tube has an elliptical cross-section with semi-axes
X
a and b (Fig. 1). The flow is considered to be unsteady, and two dimensional. Accordingly the flow velocity
u has one non-vanishing component u_, which depends on the coordinates y and z given in equation(8).
Boundary conditions require that the flow velocity vanishes at the wall of the tube, i.e. on the ellipse

2 2
y_+z_:l
a* b?

and that the gradient of the velocity vanishes at the centre of the tube, y =z =0.

4

Elfiptical cross section

Fig. 1 — Two-dimensional Poiseuille flow in a tube of elliptical cross-section.

4. SOLUTION OF THE PROBLEM

Erdogan has presented the unsteady flows of an incompressible viscous fluid in rectangular and
circular cross-sections. In this paper we have solved unsteady two dimensional flow problem exactly using
separation of variables [15]. We have converted the unsteady problem given in quation (8) into steady and
transient problems using following transformation
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u(yazat):f(yaz)+g(yazat)' (9)
Steady problem is given by
o*f N o*f 1dp

o o2 pdx (10)

we solve the steady problem by assuming f'(y,z) of the following form [14]

2 2
SW,2)= k(l_a_z_b_zJ (11)
using equation (11) in equation (10), we find that

(12)

The unsteady part is given by
0 0? 62 0? 82
| ZE TE | p | 2L 13
ot o o ) Pal\ar e (13)
subject to following boundary and initial conditions
(a,z,t)=0, g(¥,b,t)=0, g2(»,2z,0)= f(y,2) a—g(Ozt)=0 a—g( 0,1)=0
g &y agya s 5gya ) ya s ay 94y s az y5 s (14)

we will solve the above IBVP using separation of variables method and assuming following in equations
(13) and (14)

gy, z,0)=Y()Z(2)T (). 3)
The resulting system of differential equations is
Y'"+J%Y =0, Y'(0)=Y(a)=0,
Z"+I*Z=0, Z'(0)=Z()=0, (16)
k2
T + T=0, TO)=-f(y,2).
o) ©)=—f(7,2)
The solutions obtained for differential equations in (16) are
Y, =B, cos MDY 010,
2a
_ QCn+1)nz _
Z,=D, COS—2b , n=0,1,2,...., (17)
2m+1)m 2n+1)n
@meDmy  @n Dy
T = exp| = (2a+1)n Qn+Dn, !
m n
+PB(( )+ ( )*)
2b
The solution of the unsteady problem is given by
Cm+1mw., N 2n+mn,
(y.2.8) = ZZD (2m+1)7ty (2n+l)nz expl — ( 2a )+ ( 2b ) ;
8 o e S 2a 2b P B(((2m+1)n) ((2n+1)n)2) » (18)

2b
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where
_ 4 et 2m+1)my 2n+1)mnz
D, s Jo IO f(y,z)cos 2 cos b dydz (19)
or
2152 _1\m+n
Dmn:_ﬁd_p a‘b (-1) 1+ 8 N 8 2
wdr @ +b% @m+1)2n+1)n? Cm+1?m>  Qn+1)’n? (20)
and the complete velocity distribution is given by
1 dp a’b* y: oz b Cm+)ny  (2n+)nz
uly,z,t)y=—————(l—-—-—)+ D, cos cos .
.2.1) 2u dx a? + b? ( a’ bz) mZ::‘)nZ::j 2a 2b
2m+1)n 2n+ 1)
TOXP) T (22a D (22b e, |
m+1)n n+1)n
L+ + 7))
2a 2b

where D, is given by equation 20.

5. CONCLUSION

In this paper, a problem is studied in order to show the effect of the applied pressure gradient in a
channel of elliptical cross-section on unsteady flow of a fluid of second grade. Exact solution is obtained
using separation of variables.

REFERENCES

1. K.R. RAJAGOPAL, P.N. KALONI, Continuum Mechanics and its Applications, Hemisphere Press, Washington, DC, 1989.
. H. GIESEKUS, Several comments on the paper “some remarks on useful theorems for the second-grade fluid” by P.N. Kaloni, J.
Non Newtonian Fluid Mech., 33, pp. 343-348, 1989.
. N. AKSEL, 4 brief note from the editor on the “second-order fluid”, Acta Mech., 157, pp. 235-236, 2003.
. R.I. TANNER, Plane creeping flows of incompressible second order fluids, Phys. Fluids, 9, pp. 1246-1247, 1996.
. K. WALTERS, Relation between Coleman-Nall, Rivlin-Ericksen, Green-Rivlin, and Oldroyd fluids, ZAMP, 21, pp. 592-600,
1970.
6. J.E. DUNN, R.L. FOSDICK, Thermodynamics, stability and boundedness of fluids of complexity 2 and fluids of second grade,
Arch. Ration. Mech. Anal., 56, pp. 191-252, 1974.
7.J.E. DUNN, K.R. RAJAGOPAL, Fluids of differential type-critical review and thermodynamic analysis, Int. J. Eng. Sci., 33,
pp. 689-729, 1995.
. K.R. RAJAGOPAL, Flow of viscoelastic fluids between rotating discs, Theor. Compt. Fluid Dyn., 3, pp. 185-206, 1992.
.R.L. FOSDICK, K.R. RAJAGOPAL, Anomalous features in the model of second order fluids, Arch. Ration. Mech. Anal., 70,
pp. 145-152, 1979.
10. K.R. RAJAGOPAL, On the boundary conditions for fluids of the differential types, in: A. Sequierra (Ed.), Navier-Stokes
Equation and Related Non-Linear Problems, Plenum Press, New York, 1995, pp. 273-278.
11. R. BANDELL, K.R. RAJAGOPAL, C.P. GALDI, On some unsteady motions of fluids of second grade, Arch. Mech., 47,
pp. 661-676, 1995.
12. M.E. ERDOGAN, On the flows produced sudden application of a constant pressure gradient or by impulsive motion of a
boundary, Int. J. Non-Linear Mech., 38, pp. 781-797, 2003.
13. R.I. TANNER, Plane creeping flows of incompressible secondorder fluids, Phys. Fluids, 9, pp. 1246—1247, 1996.
14. TASOS C. PAPANASTASSIOU, GERGIOS C. GEORGIOU, ANDREAS N. ALEXANDROU, Viscous Fluid Flow, CRC press,
2000.
15. M. EMIN ERDOGAN, C. ERDEM IMRAK, Effects of the side walls on the unsteady flow of a second-grade fluid in a duct of
uniform cross-section, Int. Journal of Non-Linear Mechanics, 39, pp. 1379-1384, 2004.

AW \S]

(9}

\O oo

Receivde April 26, 2011



