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The use of simple planar modules as basis in the development of innovative parallel structures leads
to optimized solutions for a wide area of applications without the need of redesign. The authors
propose the use of simple two degrees of freedom (DOF) modules with the actuators situated on the
fixed platform for the development of a family of 3-DOF parallel mechanisms with constant platform
orientation. The kinematics of each mechanism is computed along with the workspace generation
emphasizing the differences which appear for different robot sizes and joint geometries. Different
positioning trajectories are generated based on the kinematic model of each family of parallel
mechanisms.
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1. INTRODUCTION

One of the main advantages of parallel robots refer to their small masses in motion, mainly due to the
multiple chains connecting the mobile platform to the base and the positioning of the actuators on the fixed
platform. Many industrial applications do not require 6-DOF from the robotic system, thus, encouraging the
development of simple solutions with a smaller number of degrees of freedom. The authors propose the use
of planar 2-DOF modules which position all the actuators on the robot base. The different configurations are
suitable for applications in various fields, from the manipulation of large masses to micro-motions.

Mourad Karouia presents in [1] a study of the kinematics of parallel spherical manipulators with
3-DOF. Another study of the kinematics is presented by Pashkevich for the 3-DOF robot named Orthoglide
[2], whose kinematics behaviour is similar to the one of a Cartesian manipulator. A family of T2R1 spatial
parallel manipulators with unlimited rotations is presented by Gogu in [3]. Bamberger presents in [4] the
inverse kinematic model of micro parallel mechanisms with translational modules and a method for
designing structures with 3, 4 and 5 passive joints. Lukanin proposed in [5] the inverse kinematic model and
the determination of the workspace for a 3-SPR parallel robot. Another kinematic model is described in [6]
for a 3-CRR parallel robot. Arakelian presents in [7] a new planar parallel manipulator with unlimited
rotation capability, overcoming one of the major drawbacks of this type of structures. A classification of self-
motions using algebraic representation of the 3-RPS is treated in [8]. Staicu describes in [9] a kinematic
model of a 3-DOF parallel manipulator with prismatic active joints and proposes the Recursive Matrix
Method to solve the kinematics and dynamics of all the complex manipulators [10]. Callegari presents an
algorithm for solving the kinematics of an 3-RPC type parallel robot [11] and a new 3-PUU parallel
mechanism whose leading translational actuators are displayed on a radial direction [12]. Zhou develops a
new parallel spatial mechanism with 4 leading sliders and presents its kinematic model in [13]. Badescu
studies in [14] the workspace of a 3-UPU parallel platform based on its kinematic model. Zhou presents in
[15] a hybrid robot with 3-DOF composed by a parallel mechanism and a pantograph mechanism with the
purpose of an increased rigidity and workspace volume. The kinematic and dynamic model is also presented
in this paper. Zhao presents in [16] the kinematics of two parallel robots: 3-SPS/SP and 4-SPS/SP, used in
devices for ankle rehabilitation. Yang proposes in [17] the kinematics for an 3-HSS manipulator.
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The authors background in the field of 3-DOF parallel structures comprises several innovative
structures: a 3-DOF spatial robot for laparoscope guidance in minimally invasive surgery [18,19], the
MICABO-E planar parallel robot with flexible hinges [20], and a reconfigurable structure with 2 up to 6
DOF [21]. This paper presents some of the researches on parallel mechanisms with constant platform
orientation achieved in [22], continuing their study with the modelling of their workspaces and precision
mapping, kinematic comparison between different constructive variants and the kinematic modelling for
speeds and accelerations for one of the proposed structures.

2. THE PLANAR 2-DOF PARALLEL MODULES

The planar 2-DOF modules enable the positioning of the characteristic point in the Oxy plane by
varying the coordinates of the active joints. A first kinematic solution is illustrated in Fig. 1. The active joints
1 and 2 are positioned on a fixed frame, their actuation (through the variation of ¢; and ¢,) determining the
position of the characteristic point, P, in the OXY plane. The direct geometrical model (DGM) and the
inverse geometrical model (IGM) are computed.
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Fig. 1 — First planar 2-DOF parallel module. Fig. 2 — Second planar 2-DOF parallel module.

For solving the DGM the following parameters are given: ¢,,q,,d,r,x and the unknowns are:

p’ y P
X,.Y,. From the kinematic scheme, the following equations yield:

X=X ,+x,=q,+7r co+x,
(1)
Y, =Y, +y,=7r so+y,.
The angle ¢ can be expressed as (in all equations cos() was denoted with ¢ and sin() with s):
C(p:u:%%_%; . .
r , @ =atan2(u, w) = atanZ[\/(2r) —(gy-a0,) 95 —ql} ) )
1 2 2
Sp=w=_—— (2”) _(% _%)
2r
Based on (1) and (2) the coordinates of the end-effector are:
1
Xp :E(ql +q2)+xp
A3)

1
7= @) (g ma) 5,
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In order to determine the Inverse Geometrical Model (IGM), besides the geometrical parameters,
d,r,x,,y, the coordinates of the TCP are known, namely X Y , while the task is to determine the

coordinates of the actuated joints, ¢,,q, . From equations (1) to (3) it yields:

1 2X, -2, - 2x,)
4 =2Xp—q,—2xp; YP:E\/(Z’”)Z_(%_%)Z"‘J’P and (YP_)’P)ZZFZ_( ’ Zl . - @
From (4) the expressions of the actuated joints, thus the solution for the IGM, can be written:
2
qlsz—xp—\/r2_(Yp—yp) (5)

q2:2-Xp—q1—2-xp.

A second planar module is illustrated in figure 2. It preserves the same actuator characteristic as the
first one, having the actuated joints, ¢, and g, positioned on a fixed frame. By modifying the values of the

active joints, the characteristic point P can be positioned in the OXY plane.
Based on Fig. 2, using the geometrical parameters, the following equations result:

Xp=q,; Y,=a so+b. (6)

From the kinematic scheme the expression of the angle ¢ can be computed:

_ 1 .
c(pzu; S@:g\/az—(qz—ql)z resultmgthat

¢ (7)
<p=atan2(\/a2 ~(9.-4.)". 4, —qu

Using the geometrical parameters a, b and the equations (6) and (7) the coordinates of the end-effector
can be easily expressed as follows:

Xp =q
. 8
{Yp =b+ya’ (g, - q,) ®

Based on the (8) the position equations for the mechanism can be written in implicit form:

/i (XP’YP’ ql’qZ)EXP -q,=0

)
2
fZ(XP’YP’ql’qZ)EYP_b_\/aZ _(Qz _Q1) =0.
Based on (9) the equations of the IGM can be written as follows:
ql :Xp
(10)

q,=Y, +\/a2 —(Xp —b)z'

A comparison is proposed between the two modules in order to assess their particularities. Their
workspace is presented along with an accuracy mapping along the workspace. In order to have a proper
critical analysis, a set of parameters were defined, similar for both modules, along with a numerical set of
values meant to provide quantitative data regarding their evaluation: total frame length /=500 mm ; normal

actuator length: /, =50 mm where the length of the second actuator of module 2 is 2-/, =100 mm ; the
actuator values range are computed taking into account that measurements are made, from their centers; the
other geometrical data are equal for both modules:y , =d =b=50 mm and r=a =200 mm.

Regarding the representation of the two workspaces, they represent the theoretical capabilities of the
modules, as the actuators variation is forced to the limit, whereas the angle ¢ is varied from 0 to 90. In the
same time the evaluation of the two modules accuracy with respect to a fixed increment of the actuator is
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performed. For both modules the variation on X axis is proportional with the actuator displacement which
means that the analysis can be performed only along the X axis as along Y axis the displacement variation
between two points is constant.

In order to attain an accuracy mapping of each module, the distance between two consecutive positions
(dp) of the characteristic point P is compared with the increment of 1 unit for the actuators. The workspace
for each module is represented now in a color scheme showing the distance between two points in different
workspace areas. The value of 1 corresponds to an equal displacement variation at the level of the actuators
and end-effector while values over 1 indicate a lower precision and below one better precision.
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Fig. 3 — Module 1 workspace with accuracy map. Fig. 4 — Module 2 workspace with accuracy map.

Figures 3 and 4 illustrate the workspace with accuracy mappings for each module, where the accuracy
increases in accordance with the scale on the right side of each figure.

Discussion. In terms of workspace the second module provides a much wider working area but the
motion accuracy is somewhat smaller. The second aspect, which is very often overlooked when analyzing
kinematic schemes, refers to the type of joints used. The first module uses only rotational joints which have
the same behavior for any relative position between the active joints, while the second module uses a
translational joint, which tends to introduce some parasite forces when the distance between the active joints
is close to the maximum possible value. This imposes careful manufacturing and the use of low friction
guiding bearings. So in order to provide a definite answer regarding which module is better, a thorough
application analysis is needed, as certain conditions favor any of the two modules.

3. PARALLEL MECHANISMS WITH CONSTANT PLATFORM ORIENTATION USING
PLANAR MODULES

Many applications require the positioning of a given task object in space with constant or no
orientation. In order to accomplish this task, a spatial structure with 3 DOF is sufficient. Thus using the
planar modules two kinematic structures with all actuators positioned on the robot base are presented.

Figure 5 illustrates a solution developed using module 1, having linear actuated joints and passive
rotational joints. Based on the equations (1-5) and the geometrical parameters in figure 5, the following
equations can be written:

X,=q Xp=r,-c0,+R, co,
Y,=q;-c0,+a+b, Y,=q,+b (11)
Z,=h—q;-s6, Z,=h-r,-s0,-R, -5¢,.

Having the geometrical parameters d, =d/2,R,,7,,e,, R, and the given coordinates for the actuated
joints ¢,,9,,q,, the DGM has to be determined.

. 1 1 d |q;-c0,=Y,—a-b

g =5J(2R1)2—(q3—q1)2 ves g =20+ a)+ 7 {q;‘ 50, =h-Z,. "
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Using (11-12) the equations for the DGM and IGM are obtained:

* 1 d d * 2
Xp=q ZE(‘I1+‘13)+E ql:XP_E_ Rlz_(‘h_yp)
DGM: Y, =q, +b ; IGM: 3g, =Y, =D , (13)

szh_\/(qg)z_(yp_a_b)z q3:q1+2VR12_(‘1;_yP)2

where ¢ =\/(YP —a—b)2 +(h—ZP)2, yp=e,.
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Fig. 5 — Kinematic scheme of a parallel mechanism using the first planar module.

Based on the equations (11) to (13) the implicit position equations for the mechanism:

fl(XPaYP=ZP7q15q2,q3) 2
f2(XP’YP’ZP’q15q2’q3) p—q,—b=0 (14)

(Z,-h)’ _BJ@RI)Z ~(g:-q,)° +e1T +(Y, —a—b)* =0,

1 d
XP_E(QI +Q3)__:0
Y

/5 (XP’YP’ZP’QI7q29q3)

Another solution based on the mechanism in Fig. 2, which uses the second planar module, is presented

in figure 6.
Using the equations (6—10) of the second planar module and the geometrical parameters in Fig. 6, the

following equations can be written:
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Xp=q, X,=r,C0,+R,Co
Y,=(q;+d,) -CO, +a+b, Y,=q,+b > (15)
Z,=h—-(q;+d,) SO, Z,=h-r,50,—-R,S¢

where ¢; =R} —(¢: —q,) .
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Fig. 6 — Kinematic scheme of a parallel mechanism using the second planar module.
Using (15) the equations of the DGM and IGM are obtained as follows:
Xp=¢q a0 =Xp
DGM: Y, =¢, +b , IGM: {q,=Y,—b (16)

Zy=h—(g; +d,f ~ (g, -af gs =Xp+\/Rf —H(YP‘“"?)Z =2, ) _dl}z

Based on (15) and (16) the implicit position equations for the mechanism are:

fl (QIaCI2Jq37XPaYpaZP)Eq1 _XP =O
fz(qlaqzanXPaYpaZP)qu—YP+b=0 (17)

2
f3(CI1,Q2:Q3;XP,YP,ZP)E(Q3 _q1)2_R12+|:\/(YP_a_b)2+(h_ZP)2 _dljl =0.

In order to determine the expression of the 6, angle, from the equations (15) it results:

{Rz'C(PszP_rz'Cez (18)

R, S¢,=(h-Z,)-r,-S6,.

Thus the angles 0, and ¢ can be determined:
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0, =atan2(c2,i a; +b; —cf)—atanZ(az,bz); o=atan2(h—Z, —1,80,, X, —1,C8,) (19)

The mechanisms in Figs. 5 and 6 present a type I singularity when elements 5 and 8 are collinear
(@=0°) which can be eliminated by replacing the revolute joint C8 with a translational joint, as it is shown
in the right side of Fig. 6. A workspace comparison has been made for the two solutions of the mechanism in
Fig. 6, which differ by a passive joint, namely C8 which is firstly a revolute joint and secondly a translational
one. Figures 7 and 8 show the comparative workspaces for the two solutions of the mechanism, where the
same dimensional properties have been used.
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Fig. 7 — Workspace of the parallel mechanism using the C8 as Fig. 8 — Workspace of the parallel mechanism using the C8 as
rotational joint. translational joint.

The workspace gain, for the mechanism with the translational C8 joint is 32.97%, but as a drawback
the higher friction forces must be taken into account. Again, depending on the application, one or the other
mechanism might prove better. For example in a scenario where workspace size is very important and the
overall accelerations are low, the solution using the translational joint is clearly better, while in a scenario
where accelerations must be very high (over 1 g) the mechanism with the C8 revolute joint is more suitable.

4. SIMULATION RESULTS

The algorithms presented in the paper have been implemented in MATLAB and the simulation results
for two structures are presented. Having solved the IGM and DGM for each structure together with the
implicit functions which enable the determination of the Jacobi matrices, the MATLAB algorithm contains
also the equations for speeds and accelerations, obtained by solving the inverse kinematical model, based on
the well-known equations [23]:

G=-B'AX ; i=-B"(AX + AX + Bg), (20)

where A and B are the Jacobi matrices.

The 3-DOF mechanism selected for the simulation is presented in figure 9. The selected geometrical
parameters, expressed in millimetres are: d, =137, d, =145, a=b=60, r, =315, h=325. In the
simulation the robot achieved a linear trajectory in space, between two points having the initial and final
coordinates, as presented in Fig. 9: X, =245 mm; VY, =400.84 mm; Z,6=12149 mm; and

Xf =280 mm; Yf =370 mm; Zf =140 mm.
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Fig. 9 — Simulation results for a linear trajectory in space achieved by the 3-DOF parallel robot with constant orientation.

5. CONCLUSIONS

In this paper the kinematic modelling of new spatial parallel structures with constant platform
orientation are presented. The structures have been developed using simple 2-DOF planar modules in
different configurations which cover a large area of applications. Starting with the modelling of the planar
modules, several innovative 3-DOF special structures have been proposed. Workspace analysis for different
configurations was computed and simulation results were presented, in terms of displacements, speeds and
accelerations at the level of the actuated joints for a given spatial trajectory. These structures can be used as
modules in the construction of modular parallel robots for minimally invasive medical applications.
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