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Abstract. Let D beabounded C"' -domain in R" (n>2) and 0<a <2. We prove the
existence and global asymptotic behavior of positive continuous solutions to the following nonlinear

fractional problem (—A‘D)%u =f(,u) in D, subject to some boundary conditions. In

particular, we obtain solutions which blow-up at the boundary. Here, the nonlinearity fis required
to satisfy some appropriate conditions related to a Kato class K (D). Our approach is based on the

Schauder's fixed point theorem.
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1. INTRODUCTION

Let D be abounded C"'— domainin R" (nN>2) and O<a <2. In this paper we are

concerned with the existence and global asymptotic behavior of positive continuous solutions to the
following nonlinear fractional problem:

(— Ap )% u=f(,u) in D (in the sense of distributions),
u>0 in D, (1)
o =Ap(2),

x—>zeoD M 100
where A is a positive number, ¢ is a fixed non-trivial nonnegative continuous function on 6D and f
satisfies some convenient conditions related to the Kato class K_ (D) (see Definition 1.1 below).
Here the fractional power (— A D)% of the negative Dirichlet Laplacian in D, is the infinitesimal

generator of the subordinate killed Brownian motion process Z f . For more description of the process, Z f
we refer to [10, 11, 21].
The nonnegative function M 5 1 is defined by the formula

M 2 1(X) =

1-% (o 242 D
1X$IJ (1- R 1(x)dt, @)

where (P®),., is the semi-group corresponding to the killed Brownian motion upon exiting D .
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We recall that from [10, Theorem 3.1], the function M 5 1 is harmonic with respect to Z aD and by [21,

Remark 3.3], there exists a constant C>0 such that

1 o a-
—(5(0) 7 <M21(x) < c(5(x))*?, forall x e D, 3)
Cc

where S§(X) denotes the Euclidian distance from X to the boundary of D.

In the classical case (i.e. a =2 ), there exist a lot of works related to problem (1); see for example, the
papers of Alves, Carriao and Faria [1], Barile and Salvatore [3], de Figueiredo, Girardi and Matzeu [9],
Cirstea, Ghergu and Radulescu [4], Ghergu and Radulescu [12—15], Lair and Wood [16], Zhang [22] and
references therein. In all these papers, the main tools used are Galerkin method, sub-supersolution method,
symmetric mountain pass theorem and variational techniques.

In [24], Zhang and Zhao studied the following problem

Au+V(xX)uP =0, in Q\ {0} (in the sense of distributions),
u>o0, in Q\ {0},

4
Upg =0, 4)
Uu(x) ~ ‘X‘%, near X=0, for any sufficiently small c > 0,

where Q is a bounded C"'—domainin R" (n>3) containing 0, pP>1 and V is a measurable
function such that

V(¥

X— ‘ X |(n—2)( p-D

isin the classical Kato class K" (Q).

Definition and properties of the classical class K"(Q) can be found in [2, 6]. Then, they showed the
existence of infinitely many solutions of (4). On the other hand, in [17, 18], the authors proved that the
existence of infinitely many singular solutions is valid for the following nonlinear problem

Au+g(x,u)=0, inQ\{0} (in the sense of distributions),
u>0, in Q\ {0}, (35)
Us =0,

where Q is a bounded C"'— domain in R" containing 0 and g(X,t) is a measurable function in
Q% (0,00) satisfying some appropriate conditions related to a Kato class K(€) which properly contains the

classical Kato class K"(Q). More precisely, they showed that there exists a number b, > 0 such that for

each be(0,b,] , there exists a positive continuous solution U in Q\ {0} of (5) satisfying

lim M) _p
X-0 G(X,0)
where G(X,Y) is the Green's function of the Laplacian in D. In particular they have extended the result of
[24].
The fractional Kato class K (D) is defined by means of the Green function G2 (X,y) of Z° as
follows.
Definition 1.1 [7]. A Borel measurable function p in D belongs to the Kato class K, (D) if

. 8(Y) go _
tim(sup (o0 O 0% V1P =0.
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It has been shown in [7], that the function
X — (5(x))* belongs to K (D), for A < a. (6)
For two nonnegative functions € and i defined onaset S, the notation &(X)=w(X), XeS,

1
means that there exists C>0 such that —/(X) <O(X) <cy(X), forall Xe S
C

Throughout this paper, for @ €C*(0D), we denote by M @  (see [10]) the unique positive

continuous solution of

(— A ﬁ u=0 in D (in the sense of distributions),
u>0 inD (7
m X = p(2).

x—>2e0D M 1(x)

Note that there exists ¢>0 such that forall Xe D,

M 2o(x) < o], M 21(x) < c(5(x))". 8)

Observe that problem (1) is in fact a perturbation of problem (7) with the nonlinear term f (.,u). The
purpose of this paper is to prove that for A sufficiently small parameter and under some adequate
assumptions on f, we obtain a positive continuous solution for (1) which behaves like M : o 9.

The following hypotheses on f are adopted.

. (H1) f is a Borel measurable function in D x (0,00), continuous with respect to the second variable.
o (H 2) | f(X,1)|<tq(X,t), where Q is a nonnegative Borel measurable function in D x(0,0),

nondecreasing with respect to the second variable such that linol g(x,t)=0.
t—>

e (H;) Vc>0, x = q(x,c(8(x))*?) isin K (D).
Our main result is the following.
THEOREM 1.2. Assume that hypotheses (H,)—(H,) are fulfilled. Then problem (1) has infinitely

many solutions. More precisely, there exists 4, > 0 such that for each 4 €(0,4,], there exists a positive
continuous solution u of (1) satisfying for each X e D
M 2000 £U00 <2 M 20, ©)

Observe that, since the function M P (X) blows-up at the boundary, we deduce from the global

asymptotic behavior (9) that also U blows-up at the boundary.
We point out that in the case « =2, the existence of positive solutions blowing-up on 0D has been

studied by many authors (see for instance [5, 8, 19] and the references therein).
Using (6), we can verify that hypotheses (H,)—(H,) are satisfied for the special nonlinearity

fxt) = pOot”, p>1,
where P is a Borel measurable function satisfying: There exists a constant C> 0, such that for each

xeD,
C

(60)

|p(x)| < with 7+ Q2 -a)(u-1)<a.
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Our paper is organized as follows. In Section 2, we collect some properties of functions belonging to the
Kato class K, (D), which are useful to establish our main result. In Section 3, we prove Theorem 1.2.

As usual, let C (D) be set of continuous functions in D vanishing continuously on 6D. Note that

C,(D) is a Banach space with respect to the uniform norm:

lul. = suplu(x)|
xeD

2. THE KATO CLASS Ky D)

In this section, we give some properties of functions belonging to the Kato class K_ (D), which are

useful to establish our main result.
PROPOSITION 2.1.[20]. For (X,y)e DxD, wehave

G2 (% y)~[x—y“" min{l,&iﬁzy)} (10)
X_

PROPOSITION 2.2. [7]. Let p beafunctionin K, (D), thenwe have

g a,(p)= sup [ Bl 202 Y
Sl GI(x, Y)

|p(2)dz< . (11)

(ii) Let h bea positive excessive functionon D with respect to ZO'? . Then we have
[ G2 (% »h(y)| p(y)]dy<a, (P, (12)

Furthermore, for each X, 5, we have

lim(sup 1

>0 yeD h(X)J‘B(Xo, r)mDGa (¢ y)h(y) | p(y) | dy) =0. (13)

(iii) Thefunction x — (5(x))*”" p(x) isin L'(D).
The next Lemma is crucial in the proof of Theorem 1.2.
LEMMA 23. Let ¢ be a non-trivial nonnegative continuous functionon 0D and p bea

nonnegative functionin K (D), then the family of functions

A, ={x>—5—[ G VM o(y)aydy, |g|<p}

M, @(X)

is uniformly bounded and equicontinuous in D. Consequently A  isrelatively compactin C,(D).

Proof. By taking h=M 5(0 in (12), we deduce that for |g| <p and XeD, we have

G, (X )

== LM o(y)p(y)dy < 8, (p) < . (14)
M., o(X)

[ S D mPorygiyay| <[
M, @(X)

So the family A  is uniformly bounded.

el

Next, we aim at proving that the family A , 1s equicontinuous in D.
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Let X, € D and &>0. By (13), there exists I >0 such that

1 D D é
v Lo, 2080 @ VML 0(9)p(y)dy < £.

If X,eD and X, X € B(X,,r)ND, then for |g|£p, we have

[ SenmPo(y)gy)dy—[ S0 M 2p(y)g(y)dy| <

D Mzo(X) D M7 p(x)

<J‘ le2x v _ G, }’>| M, p(¥)p(y)dy <

D| M2p(x) w(x)l
<2i§§JB<xo oo WD G, (2. YM,o(y)p(y)dy +

H ey Go . | -
+J(\x0—y\zzr)mo | M ¢(Y)P(Y)dy

Mep(x)  Mgo(x)

' D
<o+ LSRRI B dy.
(- y\>2r>mD| M (X) qu(x’)I « P(Y)P(Y)dy

On the other hand, for every y e B°(X,,2r)nD and X,X € B(X,,r)nD, by using (10) and (3),

! D _; D/’ D a-1
‘MD—(D(X)Ga (Xy) M P o(x) G, (X, y)‘ M 2o(y)<c(s(y))

a a

Now since X — — G (X,y) is continuous outside the diagonal of D and pe K, (D) , we

(X)
deduce by Proposition 2.2 (iii) and the dominated convergence theorem, that

Go(% y) Gl(X, y)
MPp(x)  MOp(x) |

If X,€0D and Xe B(X,,r)ND, then we have

M, o(y)p(y)dy =0 as |x—x|— 0.

J.(\xo—y\ZZr)mD

IDMM co(y)g(y)dy<‘9 +| - DMM o(Y)p(y)dy.
M¢() (% -y[=2r)n Mgo()

Gy (%,Y)

()—)0 as |X X0|—>0 for |X0 y|>2r then by same argument as above, we

Now, since

get

G, (X, Y)

. oYM 2 o(y) p(y)dy - 0 as [x-%| 0.
X —Y[22r)nD Ma(D(X)

Consequently, by Ascoli's theorem, we deduce that A, is relatively compact in C; (D).

3. PROOF OF THEOREM 1.2

Assume that hypotheses (H,)—(H;) are fulfilled. We aim at proving the existence of a constant

A, >0 such that for each Ae(0,4,], there exists a positive continuous function U in D satisfying the
following integral equation
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u(x) =AM () + [ G7 (% y)f(y, u(y)dy, xeD.
Let S e(0,1). Using(8), (H,) and (H,;) we deduce that the function X —> q(y, SM (y)) is in
K, (D). SobyLemma 2.3, the function

T, (0= [ .G, (% YM ey, AM,e(y)dy,

1
D
M, o(X)
is continuous in D. Moreover, by using again hypotheses (H,), (H;), and Proposition 2.2, we deduce
by the dominated convergence theorem that

vxe D, lﬂiE%Tﬁ(x) =0.

Since the function S — T,(X) is nondecreasingin (0,1), we deduce by Dini Lemma that

lim

ﬂ»O(iE%’ M o(%) [ G.0x yMZo(yaty, AM, (p(y))dy]

Hence there exists £ € (0, l) such that for each X e B

(X )j G, (% M e(Yd(y, AM, co(y))dy<1

Let A, =% p and A€(0,4,]. Let S be the nonemty closed bounded and convex set in C(B) given
by
S= {a)eC(D) £<a)(x)<ﬁ}

Define the operator ' on S by

Fo(X)=2+—5—[ G (x NIy, a(y)M.p(y)dy, xeD.
M, o(X)

a

By (H,), (3), (H;) and Lemma2.3, I'Sc C(E) Moreover, for each @€ S and any Xe D, we
have

|Fa)(X)—/1|S3/1M j G, (XYM (A M p(y)dy < 2.

a

It follows that %S Fo< % and so ['(S)c S,

Next, we prove the continuity of the operator I' in S in the supremum norm. Let (@, ), bea

sequence in S which converges uniformly to a function @ in S. Then we have
>
IFon(0-To0] < [, 202 B (3. armZpm) =ty oM Zo0)fay
Using (H,) and (3), there exists ca> 0, such that for each ye D
(v, aMM2e(y)- T (y, @(y)IM2o(y)|<2M2p(y)d(y, a(y)M2p(y) <
<2M2p(y)a(y, c(8(y)*).
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So we conclude by (H,), (H,), Proposition2.2 and the dominated convergence theorem that
vxe D, I'o, (X) > T'o(X)as k — .

Using the fact that I'S is relatively compact in C(B), we obtain the uniform convergence, namely
||Fa)k —l“a)”Oo — 0 ask —» .

Thus we have proved that I" is a compact mapping from S to itself. Hence by the Schauder's fixed point
theorem, there exists w € S such that

o) = A+—5—[ GOLYf (y,0(y)M, p(y)dy.
M. (%)

a

Let U(X) =M p(X)@(X). So U isa continuous functionin D satisfying for each X e D

u(x) =AM (0 + [ G, (6 y) f (y,u(y))dy. (15)

In addition, since for each Yy e D,

[f(y,u(y)| < M2 o)Ay, c(6(y) ) < c(s(y)  ary, c(s(y)) ),
we deduce by Proposition 2.2 (iii) that the map y—> f(y,u(y))eL.(D) and by (15), that
X—> J‘DG,S(X, y) f(y,u(y))dy e L}OC(D)- Hence, applying (— A‘D)% on both sides of (15), we conclude
by [11, p.230] that U is the required solution. [l

Example. Let u>1, O<a <2, ¢ be anon-trivial nonnegative continuous function on 6D
and P be a Borel measurable function satisfying
C

(5(0))
Then by Theorem 1.2, there exists 4, >0 such that foreach A €(0,4,], the problem

|p(x)| < with 7+ Q2 -a)(u-1)<a.

(— Ap )% u=p(x)u” in D (in the sense of distributions),
u>0 in D,

lim 4% = 10(2),

D
x—>zedD Mg 1(X)

has a positive continuous solution U satisfying for each Xe D

M 200 U0 <2 M2p(x).
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