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1. INTRODUCTION

The celebrated theorem of Korovkin gives us conditions for uniform approximation of continuous func-
tions on a compact interval via sequences of positive linear operators, see [7], [8]. More precisely, if (7,),en
is a sequence of positive linear operators that map C ([0, 1]) into itself such that the sequence (7;,(f))nen con-
verges to f uniformly on [0, 1] for each of the test functions e; (x) = x*, where k = 0, 1,2, then this sequence
also converges to f uniformly on [0, 1] for every f € C([0,1]). An immediate consequence of it is the fact that

n—soo

1
limn/o X f)dx = £(1) (1)

for every continuous function f : [0,1] — R, which means the weak convergence of the sequence nx"dx of
measures to the Dirac measure 0;, see [8, Exercise 1, page 54]. As the weak convergence of measures is one
of the most important tools in partial differential equations, probability theory, applied and theoretic statistics
etc, see [3]], it is natural to investigate the extension of Korovkin’s limit (I]) to the case of functions of several
variables. An inspection of Korovkin’s argument easily yields the following generalization for several variables:

THEOREM 1. (The extension of Korovkin’s theorem for several variables) Suppose that X is a compact
subset of the Euclidean space R* and let (T,,),cn be a sequence of linear and positive operators from C(X) into
itself such that

lim 7,,(f) = f  uniformly on X 2

n—yoo

k
for each of the test functions 1, pry, ..., pry and Y, prl-z. Then
i=1
lim T,,(f) = f uniformly on X 3)
n—oo

for all functions f € C(X).

The family of test functions used here is built via the canonical projections on the Euclidean k-dimensional
space pri(Xi,...,xx) = x;, i =1, ..., k.

For details and various generalizations see Altomare [/1]], Bucur and Péltineanu [4], Gal and Niculescu [5],
(6] and Niculescu [9]]. In this paper, we prove some possible extensions of the limit (I)) to the double integrals
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on a triangle, see Theorem [2] and Proposition [3] We establish then a general result regarding the asymptotic
evaluation for functions differentiable at (1,0), see Theorem and as a consequence, we obtain the asymptotic
evaluation for functions differentiable at (1,0) in the case of two concrete situations, Theorems (4] and [5| We

define A = {(x,y) e[0,1* |x+y< 1} and denote as usual C(A) = {f: A — R| fiscontinuous} which is a

real linear space and for f € C(A) we define || f|| = sup |f(x,y)|. By 1 we denote the constant function equal
(x,y)EA

with 1. In the proof of the asymptotic evaluations we need the concept of differentiability at the point (1,0) € A.

Since (1,0) is not an interior point of A this concept needs an explanation. Precisely it refers to differentiability

at a point which is the vertex of a non-degenerate cone.

Definition 1. A function f : A — R is called differentiable at (1,0) if and only if there exist A, B € R
such that

L S-S0 -AG=D =By L fe)—f(LO)-AG—1)-By

(xy)—+(1,0),(x,y) €A lx— 1|+ y| (r)—+(1,0),(xy) €A l1—x+y

Let us note that if f : A — R is differentiable at (1,0) then: Ve > 0, 35, > O such that V (x,y) € A—{(1,0)}
with [x — 1|+ [y| < & we have ‘f(x’y)7f‘(xl;01)|r|‘y(|x*1)73” < g, or equivalent, V (x,y) € A with |x— 1| +[y| < & we
have

[f(xy) = f(1,0) —A(x—1) =By| < e (jx— 1[+]y]).
F(x%,0)—£(1,0)—A(x—1)| < glx—1|, V]x— 1| < &, that is, A = lim [&=0=/00) _
x—1x<1
%(1,0). For x =1—y we get |f (1 —y,y)—f(1,0)+Ay—By| <2¢ly|, V|y| < %. Hence there exists the
directional derivative of f at (1,0) along the line /: x+y = 1, that is,
of S —yy)—f(1,0)

—(1,0):= 1
81( ’ ) y—>%)l:)r/l>0 y

For y = 0 we get,

and % (1,0) = B—A, thus B= % (1,0) + %4 (1,0).
All notation and notions used and not defined in this paper are standard, see [4]].

2. THE CONVERGENCE

THEOREM 2. Let f : A — R be a continuous function. Then

: " n _ f(1,0)
hmnz//Ax (1—y)" f(x,y)dxdy = >

n—soo

Proof. LetL,:C(A) — R be the sequence of functionals defined by L, (f) = n* [[,x" (1 —)" f (x,y) dxdy.

. 2 2 N 2 B >
By caleulations we get Ly (1) = 5555, L (pr1) = Grjiaarsy L (P1) = sty Ln (Pr2) = 5oy
n* . 1,0 .
L, (pr3) = T ) We deduce that r}l_r)l(}oLn (f) = %, Vf € {1,pri,pra, pri + pr3 }. According to
Theoremone can conclude that lim L, (f) = w forall f € C(A). O
n—soo

3. A GENERAL ASYMPTOTIC EVALUATION

The aim of the present paper is to provide an asymptotic evaluation for the convergence established in
Theorem This is done in the context of functions differentiable at (1,0) and makes the objective of Theorem
H]below. For this we prove the following general result.
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THEOREM 3. Let K;, : A — [0, 00) be a sequence of continuous functions and L, : C (A) — R the functional

defined by
1) =[] K £ (x.9) dndy

Suppose that there exists ng € N such that for all n > ny we have [[, K, (x,y) ((1 —x)+y)dxdy > 0. Then the
following assertions are equivalent:
(i)
i Ha((l—x)+ ¥)* Ky (x,y)dxdy _
ne [y (1=x)+y) Ky (x,y)dxdy

(ii) For every f € C(A) differentiable at (1,0) we have

La(f) = £ (1,0) A+ 9 (1,0) 04— (91,0 + % (1,0)) B

where Ay = [[y Ky (x,y) dxdy, oty = [[5 (1 —x) K, (x,y)dxdy, By = [[yYKn (x,y) dxdy.
Proof. (i)=>(ii). Since f is differentiable at (1,0), oy dim )GA% 0, where g: A — R, g (x,y) =

f(x,y)—f(1,0)—A (x— 1) — By, see the Definition[I] Let € > 0. Then there exists & > 0 such that V (x,y) € A
with [x — 1|4 |y| < & we have |g (x,y)| < § (]x— 1|+ [y|). We prove that V(x,y) € A we have

g ()] < = (k=1 +]y]) +Me (|x— 1] +y)* (4)

N M

where ng = g H. This argument has its origins in the Korovkin’s proof of his theorem, see [|8, page 13], or [10,

Lemma 1]. Indeed let (x,y) € A. We can have the situations: a) |x— 1|+ [y| < J. In this case |g(x,y)| <
2

Ellx—1+1y) <5 (Jx— l|+\y|)+ Hg” (x—1+ |y\)2. b) |x—1|+ |y| > 8. In this case 1 < % and

then

(k—1]+y))> € gl )
lg () < gl < HgH—52 < E(lx—1\+|y!)+752 (Jx = 1]+ [y])"-
& £

Let n > ny. From @) multiplying with K, (x,y) > 0 and then, by integration we get

’Ln (f) —f(l,O) )Ln +Aan _Bﬁn| <
J L (e3) (509 = £ (1,0 K () + A (1= ) Ko (5.3) = By, ()] dedy

= g//AK (o) (1=2) +y) dXder"e/AKn (x,) (1 —x) +)° dxdy.

Thus
Jfa Ko (x,y) ((1—x) +y)* dxdy
JIaKn (x,y) (1 —x) +y) dxdy

By (i) there exists ne > ng such that Vn > n, we have JJJJAAK"(X ) )(((11 ?)Yy)) ;xx;yy < 2(ne —7 and hence Vn > ne we

L, (f) 7f( 1 ,0)2.,, J"Aan*Bﬁn
O+

FASR, f(xy) = ((1-x)+y)% 4L (1,00 =0, % (1,0)=0. O

L, (f) — f(1,0) & +Acy, — BB,
oy + B

<+

< €. Thus (ii) is proved. (ii)=-(i). It follows from (ii) applied for the function

have
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4. SOME EXAMPLES

We need latter the following calculations.

PROPOSITION 1. The following formulas hold true:

n . - 3n+4 )
//Ax (1=y)"(1 = x)dxdy = 2(n+1)?(n+2)2n+3)’

1
2(n+ 1)2(2n+3);

m+9
// (1 =)' (1 =) dndy = 2+ 12(n+2)(n+3)(2n+3)°
1
/ H =) (U =xydedy = o0 oy
1
2(n+1)?(n+2)(2n+3)’

/AX”(l—y)”ydxdyz

/ K'(1—y)"y*dxdy =
A

Proof. We will use the well-known equality

RCEEES /dx N re)dy

®)

for continuous functions f : A — R, see |2, page 247]. For more details regarding the multiple Riemann integral
we recommend the reader the excellent treatment of this concept in the book of Boboc, see [2]]. The first two
equalities follows by direct calculations from the relation (5) and we omit it. For the last equalities we will use

the equality (5) and integration by parts. We have

// (1—y)"(1—x)* dxdy—n+1 1—x"t) (1—x)*dx

- 1 e 22N’ .2 v K22
_(n—|-1)2/0 <X+1_ 2 )U_x) dx_(n+1)2/o <x+1_ 2 >(1_x)dx
2 1 xn+2 x2n+3 ! 2 1 xn+2 x2n+3
- (n+1)2/0 <n—|—2_2(2n+3)> (1=x)dr= (n—i—l)Z/O <n+2_2(2n+3)>dx

_ 2 < 1 B 1 >: Tn+9
(n+1)> \(n+2)(n+3) 4(n+2)2n+3)) 2(n+1)*(n+2)(n+3)(2n+3)

/x"l— (1—x)ydxdy = //x”l— (1—y)"dxdy — // (1—x) (1 —y)" dxdy

n+1 xn+1 n+1 xn+2) dx.
n+1 n—|—2

Integrating by parts

We have

1 1/ ntl K2 /
n+l n+1 dx — o l— n+1 dx
n+ 1 - ) n+1Jo < n—|—2) ( * )

R 1 1 3n+4
o \n+1 n+2 2(n+1) (n+2)(2n+3) 2(n+1)"(n+2)(2n+3)
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and similar

1 +2) TR +2
X n 1 — " dx
n—|—2 - n+2 ( n—|—2> ( g )
/ ( ”+2> il 1 3n+5
— _— X = —_— = .
n+1 n+2 (n+1)(2n+3) 2(n+2)*> 2(n+1)(n+2)*(2n+3)
It follows that [, x" (1 —y)" (1 —x)ydxdy = m We have also

// (1—)"y?dxdy — //x” —y)" =2 (1) (1—y)") dady

1 l_xn+3 2(1— n+2 1 — n+1 1
:/ X" — ( ! )—i— al dx = 5 .
0 n+3 n+2 n+1 2(n+1)"(n+2)(2n+3)

We are now in the position to prove the asymptotic evaluation of the sequence from Theorem [2]

THEOREM 4. Let L,, : C (A) — R be the functional defined by

)=n // (1—=)" f(x,y)dxdy.

Then for every f € C(A) differentiable at (1,0) we have

. F0.0)] _ 197 01, 190
timn 2,00~ T50 =0 - 5 0.0+ 5 010,

Proof. LetK, (x,y) =n’x" (1 —y)". From Propositionwe deduce lim 2 [[y K (x,) (1 = x) +y)* dxdy =
3 and hm n [[, K, (x,y) ((1 —x) +y)dxdy = 1. The condition (i) in Theoremlls satisfied and hence for every

fec ( ) differentiable at (1,0) we have

Ly (f) = £ (1,0) A+ 3 (1,0) 0 — (241,00 + 2 (1,0)) B,

tin o h -0
Since lim nan—% hm nﬁn—4we get
n—soo
. _30f of of 19f 19f
fimalL, ()= £ (L0 2] = =3 5 10+ (L 0.0+ 5 0.0) =35 0+ ;5 (0.

ﬁ, I}I_I}.}o n (7Ln — %) = —1. Then passing to the limit in the equality

0 L= L50] “aita (- s 00002+ 7.0 (35

Also A, = n? [[,x" (1 —y)" dxdy =

we get the limit from the statement. O

We remark the asymetric form of the asymptotic evaluation in Theorem[d] Our next objective is to give a
new example of the sequences of the operators as those from Theorems [2]and 4] We need the folowing result.
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PROPOSITION 2. Let (xp),,~ ~1 be a sequence of the real numbers and o > 1 such that lim n®x, = b € R.

n—soo
(2% 1-1)b

Then lim n® ! (x, +---+x2,_1) = e T 1)’

n—oo

Proof. Let € > 0. There exists ng € N such that Vn > n, we have |n%x, —b| < €, or ’xn — n%‘ < % Let

n > neg. For every k =0,...,n— 1 we have n+ k > ne and hence |x,; — (n—fk)a ‘ < (L ) . We deduce that

an+k bZ 2 Z

n=1 n—1
Y Xprk . Y Xprk . n%-! Z Xn+k
or |42 —b| < &. It follows that lim 5° = b, or, lim H"; = b. Since lim 1 Z =
5 n—yoo n—oo 1 1 n—oo k= ( +7!)
K=o (mHR)” K=o (mHR)” " k=0 (1+§)a
1 _ 206—1_1 . .
Jo G = 3o Ve get the limit from the statement. O

PROPOSITION 3. Let f : A — R be a continuous function. Then

; n n = 1,0
JSEE”//AX (1-) (Ez)xk(l—ﬂk>f(x,)’)dxdy=f(4 )

Proof. 1t follows from Theorem 2] and Proposition 2] (o = 2). O

THEOREM 5. Let A, : C(A) — R be the functional defined by

n—1
f) :n/AX”(l —y)" (;))/‘(1 —y)"> S (x,y) dxdy.

Then for every f € C(A) differentiable at (1,0) we have

f(1,0) 3f(1,0) 3 df 3 df
] ]:_ (1,0)+ 3 57 (1,0).

tim, [A" (f) - 16 169x

n—o0

Proof. Let V, : C(A) — R be defined by V, (f) = [[yx" (1 —y)" f(x,y)dxdy. Let f € C(A) be differ-
entiable at (1,0). From Theorem lgnn [n*V, (f) —a] = b with a = @ b=—f(1,0)— %%(I,O) +

%%(1,0). If, for every n € N we define R, = n’V,, (f) —a — 2 then, n*V, (f) :a+Q+R and lim nR, = 0.

2n—1 2n—1 2n 1
From V,, (f) = -5 + E &, by summation we get Y Vi (f) =a Z k2 +b Z k3 +E,, E,= Y r, where
k=n k=n
rp = 2. Since lim n’r, = hm nR,, = 0 from Proposmon hm ann =0, that is En =0 ( ) Hence
n—yoo
2n—1 2n—1 2n—1 1
Y Vilf)=a}, 2 +b Z =t
k=n k=n k k
2n—1 | . | dr 3 2n—1
Since kzn &= n3 Z (1+k) = Lt, and ,}E};t” =y r AL have kgn 8n2 —|—0( >). Let us note the

2n—1

equality Y ﬁ = n2 Z L
k=n

= -s,, Where s, = % Z

(1+) " o (1+5)7

@
following evaluation holds Z o (%)= Jo @ (x)dx — (P(l) 20 4o (1), which for ¢ (x) = ( +11)2’ gives us that
0 X

As is well-known, for functions ¢ € C' the
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2n—1 2n—1
sn =%+ 2 +0 (L) and hence kgn # =2t ar to(p). Weget kgﬂ Ve(f) =35+ (F+%) o) or
2n—1 2n—1
n k; Vi(f) =44+ (2+32) 1 +0(L). Since A, (f) =n kg Vi (f) the limit from the statement follows.  [J
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