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In this paper hypothesis tests are proposed for discrimination between the populations of two Alpha
distributions. This distribution is used for highly skewed data. The tests developed here are uniformly
most powerful unbiased and can be used to test various general hypotheses related to this probability
distribution which is less known by professional statisticians.

Key words: Alpha distribution, population discrimination, uniformly most powerful unbiased tests.

1. THE ALPHADISTRIBUTION

Let a and P be positive real numbers. The function p(Gla, B) : (0, ) — (0,) defined by

~ _ (|
5 a,B) = M)m 52§ ET )

t2

where ®(a) = %J'a e 2dt is a probability density function with respect to the Lebesgue measure
21>

restricted to (0, ).

The probability measure defined over the domain (0, ) having the probability density function
P(Gla, B) is called the Alpha distribution. This distribution has two parameters o and B and it is denoted in
the following by A, g. It was introduced by Drujinin in 1967 [5] and it has been investigated in a series of

studies [2], [4], [7], [10] and [14] showing how it can be applied to highly skewed data observed in various
industrial processes. The Alpha distribution is less known [8], [9] and as such inferential tools are less
developed. The aim of this paper is to fill that gap in the literature and provide uniformly most powerful
unbiased tests for discriminating between series of data coming from different populations. The results
presented here may have potential applications in reliability modelling and applied statistics for control of
industrial processes as already exemplified in [1], [3], and [12].

The paper is organised as follows. The next section briefly introduces the main elements following
from the classical exponential family set-up. Section 3 contains the main results of the paper concerning tests
of the differences between the parameters of the same type when the other parameters are unknown. The last
section summarises the conclusions.

2. STATISTICAL MODELLING

Since p(x;a,B) =c(a, BHh(x)e 5 where ¢ 1 (0,) X (0,) — (0,0),
B 1 .
c(a,fp)=————, h:(0,0) - (0,0), h(X)=—, a |Bgw)>,Bowe) measurable function,
() e X2 ( (0,e)> B0, ))
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Q:(0,0)x(0,0) - R2, Q(a,B):%E,aB% and  S:(0,0) — R2, 3(x)=Hl—2,lH, a
2 B¢ X0

(B(o,oo), BR2 )—measurable function the statistical model

(0, ), Big.ys {Aqp | 0, B > 0}) )

is of exponential type ([6]) and the statistic S is sufficient for inference on the unknown parameters.
Following [13] it is possible to choose a o-finite measure v on ((O, 00), B(O’m)) that dominates the

statistical model (2). The probability density function of the probability distribution A, 5 with respect to v is

p(x; a,B) = c(a, B)e<Q(®p-500> 3)

for all positive X.
The likelihood function associated to the statistical model represented by (2) is

O o1 p*a 10
L n). =N R -
J(xMa,B)=c (G,B)GXP%YBIZIXi 5 ;X?E (4)

for any x™ = (x,,..., X,)' 0 (0, 0)".

3. TESTS FOR DISCRIMINATING BETWEEN TWO ALPHA POPULATIONS

The novelty of this paper consists in testing the discrepancy between two distributions from the Alpha
family. Consider the statistical model

O (0.9, By A g 1015, > 03 )

that is dominated by the measure v™ [0 v" , where n,,n, 0N are given.
The probability density of the probability distribution (A, g )™ U (A,, )" with respect to

v Ov™m is

Lm,nz(x(nl), y(nZ);al,Bl’az’Bz):

O n 1 mnl Blen 1l Ben 10 (6)
=K(a,,p,,qa,, exp | L —+af e N D
(0,,B,a,.8,) pD 1812,_1 X 2 E =y o 2 Xiz > E io yf%

for all positive X’s and y’s, with k(o,, B,, 05, B,) = ¢" (o, B,)c™ (a1, B,).
Here we consider first the tests for the comparison of parameters [3,,3, when the other parameters
a,, 0, are unknown. It is worth pointing out that the research cited above on the statistical inference for the

Alpha distribution assumes that @ > 3, motivated mainly by the values used in empirical studies. While this
greatly simplifies the inferential process due to the fact that ®(ar) U1 it is an unnecessary restriction.
The function in (6) can be rewritten equivalently as

B ) (), —
Lnl,nz(x i 9yn2 767W15W2=W3)_
(7)

= C*(e’ WI,WZ ,W3)exp[6U (X(nl)’ y(nZ)) +W1Tl (X(nl), y(nZ)) +W2T2(X(n1) s y(nZ)) +W3T3(X(nl)a y(nZ))]
where

B __B

B
B=—"+A,—, W, =——=, W, =na,pB, w, =n,a
2 02 1 2 2 llBl 3 2 2B2
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(np) (ny) c 1 ) (ny) < 1 - 1
UG,y = 5 o XLy ) = 5 o hoy o
& X} .Zly? & X}

T,y = L5 L g oy = Ly L

rl1 1=1 Xi n2 1=1 yi

and where A, > 0 is known.

Hence, the statistic (U,T,,T,,T;)! is sufficient for the set of parameters (0, w,,w,,w;)". In the
following s(m, n; &) denotes the quantile of order € for the Fisher-Snedecor distribution S, | with m and n
degrees of freedom and F,, denotes the cumulative distribution and p, , denotes the probability
distribution function of the same distribution S .

Consider now the statistic

L1 g f]
Ao(n, — 1) IZ' Hxi n ; X] H

n — 1 n, HL 1 n, 1 g
Z Hyl n2 1= yJ H

This statistic can be linked to the maximum likelihood estimator developed in [14] for the parameter q.

This statistic has an important property. If the null hypothesis cannot be rejected then the statistic V has an F

distribution which does not depend on the parameters of the Alpha distribution.
Theorem 1. Let A, > 0 and € 0 (0,1) be given. Then

i.  The test & =1y 55, -1,n,-11-¢) » i uniformly most powerful unbiased at the level of significance &

V(xm, ym)y =

for testing the null hypothesis H\" : B2 < A\ B3 versus the alternative H"” : B? > A B3.
ii.  The test ¢, =1y cg(n -1,n,-1:1-¢) » 1S uniformly most powerful unbiased at the level of significance ¢

for testing the null hypothesis H{* : B2 = A B2 versus the alternative H® : B> < A B3.

iii.  Thetest §; = Ly <epow® sy’ where

n
VS fr 1311
£ BX 2k

n n n n
Mzal_lzl+2ﬂl_1215

1= Bxi nI 1= XJH 1= Hyl n2 1= yJH
is uniformly most powerful unbiased at the level of significance & for testing the null hypothesis
H$ :B? =\ B3 versus the alternative H” : B> # A,B3.. The scalars c,, ¢, satisfy the conditions

V*(X(nl), y(nz)) = (8)

J;lsz-l o (Odx =1-¢ :sznl;l m -1 (X)X )
272 27

2
Ag(n, —1) u-t7
n -1 T, —)\U—n2T32

of U. In addition, when 37 = A B3, the statistic V can be rewritten as

Proof: i. Since V= we conclude that this statistic is a non-decreasing function
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V(X(nl)’y(nz)): n
B2 nzzEE_l < I
n, -1 & HYi n, = YjH

The variable at the numerator has a x?(n, —1) distribution while the variable at the denominator has a

x2(n, —1) distribution and moreover, the two variables are independent statistics with respect to
(Ag, )™ O (A, ,)™ . Thus, when B} = A(B3,itis true that V ~ S, _,  _,, thatis

[(Aul,ﬂl)nl O (Aaz,ﬂz)nz]ov_l = Snl—l,nz—l (10)
This means that the statistic V is a free parameter statistic over the domain
Q, ={(a,,B,,0,,B,) | 0,,B,,0,,B, >0,B7 =A,B3}. Then, using theorem 1, chapter 5, from [11] it
follows that the test given by the critical region C, = {(Xl,..., Xnos Yisees Yoy ) IV (Xiseets Xo 5 Yisees Yo, ) > C}

where ¢ is determined, under B} = A B3, from the condition

Al

arp O Adnp, (C) =€ (11)

is uniformly most powerful unbiased test for testing the null hypothesis I-NI(()I) : 8 < 0 (which is equivalent to

the null hypothesis H{" : B2 < A,B2) versus the alternative H" : 8 > 0 at the level of significance &. The
proof of i. is finalised if we show that ¢ = s(n, —1,n, — 1;1 — €). From (11) we get

€= [An' 5 U Ag;gz C)) =1=Fqu-1,m,-n(©)

and thus ¢ = s(n, —1,n, —1;1 — €) . The proof for ii. is similar with i.

. .. . )\OU _nl)\OTzz .

iii. It is easy to see that the statistic W can be rewritten as W = 0 --and since the numerator
Ty =N AT —n,T;

is positive it follows then that W as a function of U is linear and increasing.

When B7 = A B3 we get that

N

BIZBXi nIJZIXJH ‘
R
DI R RS

W(X(nl), y(”z)) =

Ny
It can be noticed that the statistics W,,W, defined by W, (x™), yM)) = BZZ Z ! gand
n1 J

n
W, (x| y(n2)y = BZZ Hl— 1 Lg are independent and have the probability distributions

= Hy| n, £= yjH

x2(n, =1),x*(n, = 1). Thus, when B} = A B3, the statistic W has with respect to the probability measure
(A, )™ O (A, p,)"™ , the distribution Beta b

n,—l np-l-
2 2
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Using again theorem 1, chapter 5, from [11], the test characterized by the critical region
C, =W <c,)OW >c,) where c,,C, are determined from the conditions

E.(9;) = ¢ E,(9;W) = eE (W) (12)
where [ = Aal’ 5 U Aaz’ s, » 1s uniformly most powerful unbiased at the level of significance ¢ for testing the

null  hypothesis I-|(§3) :0=0 (equivalent to the hypothesis H(()S)) versus the alternative

ﬁé” : 0 # 0 (equivalent to the hypothesis H ,(3) ). The proof is finished by showing that the condition (12) is
equivalent with (9). This is true because

(n -0
n, +n, -2

E,.(W) =
and

XP-1 my-1(X) =

n -1
: pn1+1 n, -1 (X)
1 1=, =2—
2 2 2

n, +n, - S
for any O<x < 1.

Now we consider tests for the parameters a,,d, when the parameters [3,, 3, are unknown but equal to
B.In this case the likelihood function given above in (6) is

* * 0 n 1 n, 1 Bz n 1 n
() (). — | 2 _ . X
oo, XMy ™ha,a,,B) =K (al,az,ﬁ)exp%rlﬁzmx—i+azﬁz SRR RO A I

i= yi i=l Xi2

1.0
420
Yi O
or in equivalent form as
I:*”la”z (X(n])v y(HZ) 5 es WI,WZ) =

=K' (8,w,w, ) exp[ 81U (XM, y™)) +W[ T, (x™, y™) +wiT (x™, y )] +w T, (x ™, y™))]

where
9 = (a, —a,)B w' = e +n,a, B, W, = _B*
H 1 > 2 s
b, n, +n, 2
nl n2
n n n n
U*(X(nl),y(nz)) :i l L—L - L, TI*(X(nl),y(nZ)) = ZIL+ \ L
nl 1= Xi n2 1= yi 1= Xi 1= yi
n n,
Tz*(x(nl),y(nz)) = ZLZ-'- Lz
1= X; 1= yi

Hence, the statistic S* = (U",T,",T,)! is sufficient for the parameter (0", w;,W,)'. Lets consider the
statistic W™ : (0, 00)™ x (0,0)" - R defined as

el 1 &1

nl 1= X r]2 1= yi

(13)

LR IR AR G
i nlzxi) +;(i nZYi)

2
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It is easy to see that

W* = v
1 T2 n,n, U
n+n, ' n +n,
and therefore W " is an increasing function of the statistic U *. In addition
ol 1 &1
1 1=l Xi n2 1= yl
i + L 14
W*(X(nl) y(nz)): n, N, 19
1 1 &1 B’ U
e T X e
n, |1X Y &Yy n+tn, -2
, - 1 & 1 1 &1 . : .
Since the statistics defined as — Z — and — ) — are independent and have, with respect with the
N = X n, &1 Yi

probability measure (Ay )" U (Ay )™, the normal distributions NEp[;I , 132 E NEPBZ , 1[32 E it
‘ ‘ nI nZ

follows from (14) that the numerator of that expression is distributed N(0,1). Similarly, the statistic from the
denominator is distributed ¥2(n, +n, —1) and consequently W~ is Student distributed with n, +n, —1

degrees of freedom. Hence, the statistic W " is free over the domain Q" = {(O( LBa,pB)a,B > (}

Lets denote by S F.,P, the quantile of order g, the cumulative distribution function and the density

m;q >
probability function respectively, of the Student distribution with m degrees of freedom. The following
theorem is true now.

Theorem 2. Let € [J (0,1) be given. Then

i.  The test ¢, given by the critical region C, = M > Sy ny-2i1- 8) is uniformly most powerful

unbiased at the level of significance ¢ for testing the null hypothesis H, o

< o, versus the
alternative Hl() 10, >d,.

ii.  The test ¢, given by the critical region C, = (\N* < Sn1+n2—2;a)’ is uniformly most powerful
unbiased at the level of significance & for testing the null hypothesis H® : a, = a, versus the

alternative H'” : o, <a,.
iii.  The test ¢, given by the critical region C; = %W ">s . E is uniformly most powerful
n+ny-21-—

unbiased at the level of significance ¢ for testing the null hypothesis H{” : o, = a, versus the
alternative H" : a, # a,.
Proof: i. Taking into account the properties of the statistic W " and using theorem 1, chapter 5 from [11] it

follows that the test ¢, =1 W) where ¢ is determined from the condition

Eq (0)=¢ (15)
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with u* = Agi,B g Agf,B’ is uniformly most powerful unbiased test for testing the hypothesis ﬁé') ;0" <0,

equivalent to the null hypothesis H" : o, < o, versus the alternative |_~|1(1) 10" >0.
Moreover, from (15) it follows that
€= E”* (q)l) = (Ag:g [ Aglzg)(cl) = Sn1+n2—2(ca ©) =1- Fnl+n2—2(C)
andso € =S, ., 5. and thus ¢, = 1<W*>Sn1+n2-z;1-e>'
ii. Similar with i.
iii Lets consider the statistic Z : (0, 0)™ x (0,0)"™ - R defined by
lael 1 &1

n = Xj n = y
Z(X(nl), y(nz)) = 11 ! 2 1 ! (16)
-1 &1 1 -1 &1
Z 2T ) T —t) -
X &Y Tt f&EmEX &Y
This statistic can be rewritten as Z = v which shows that Z is a linear function of U” and
* 1 *
Tz - T1 2
n +n,
1 1
[ T N
. . . .. . rT n] nz * 2 W2
it is also increasing. In addition, denoting W = {|————W ", we get that Z* = — . Over
n+n, -2 mn, (5o
1+ —W
n, +n,

the domain Q,, = {(a,,B;0,,B) | a,,B > 0} the statistic W" is free and therefore independent of T," and
T, . Consequently the statistic Z is also independent of T," and T, and thus, free over the domain Q.

The distribution of the statistic Z, with respect to the probability measure (Ay, g )™ U (Aq, g,)™ is
symmetric from the origin. Then there is a pure test ¢, such that it is the most powerful unbiased test at the
level of significance ¢ for testing the null hypothesis I-NI((f) : 8" =0, which is equivalent to Hé3) (0, =d,,

versus the alternative I-NI(()” : 0" # 0. This test is characterised by the critical region
(zpc) (17)

Since |Z| is an increasing function of the argument W and thus of the statistic W*, we can replace the
critical region given in (17) by the critical region

c, =(w* Pk

where K is calculated from the condition (Ag'h[3 u ASI{BXCQ = &. In conclusion we can say that

e = (A, O AT KCo) = Spun 2 (X ORI X 1> K1) = Fypy 2 () + 1= Fp 1y (K) = 2= 2F, 0 (K)

which means that k = s .
np+ny -2;1 >

and therefore C; = %W "> s ]

n +ny —2;1—% B



Ion VLADIMIRESCU, Radu TUNARU 8

4. CONCLUSION

The Alpha distribution is a two-parameter class of distributions that is less known in the literature in

spite of proving to be very useful in modelling skewed data. Statistical models based on this relatively
unknown distribution may provide a general platform for inference related to many areas of statistics,
probability and engineering.

In this paper some uniformly most powerful unbiased tests were proposed to discriminate between two

Alpha populations. The tests are developed for each type of parameter while keeping the other unknown. The
hypothesis being tested covers the whole spectrum of possibilities.
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