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The notion of trace for an element in an algebraic extension of a field can be extended for (not
necessary algebraic) elements of same extensions of a complete valued field (see [2]). However there
are two different ex- tensions of such notion, namely, the trace as was defined in [7] and continuous
trace defined in [2]. According to Example 4.3 in [2] there results that these two kinds of trace seem
to be generally different. In this paper, we try to put in light same fundamental relations between there
concepts of trace.

1. PRELIMINARIES

1. Let p be a prime number. As usual (see [A]) denote Qp the field of p-adic numbers and by | []]
the p -adic module, normalized such that | p|=1/p. Denote Q, a fixed algebraic closure of Q, and
continue to denote by the same symbol |[|] the unigque extension of p-adic module to (jp, Furthermore,
denote C, the completion of Q, with respect to module |[J and denote by the same symbol |} the
canonical extension of p-adic module to C .

2. Denote G :Gal(ﬁp/Qp) and consider on G the Krull topology. It is well know (see for
example [APZ1]) that G is canonically isomorphic to Gal,, (Cp /Qp), the group of all continuous Q,
authomorphism of C . We shall assume G =Gal,, (Cp /Qp). One know that G, endowed with Krull
topology, is a compact and totaly disconected group, and so it is equiped with a Haar measure X,
normalized such that x (G) =1.

Let xOC,. Denote O(x)={o(x)|oO0G} the orbit of x with respect to G and by
H(x)={oDOG|o(x)=% .

Then H (x) is a closed subgroup of G and the map
W,:G - 0(x), o- o(x)

identifies G/ H (x) (endowed with the quotient topology) with O(x) (endowed to the topology induced by
C,) (see [APZ1]. In such away O(x) is equiped with quotient Haar measure.

The description of this measure, denoted also by X is given in [2]. Also in [2] is show how one can
consider X asa” p -adic measure”. Although this * p -adic measure” is not a measure in usual sense, some
functions f :O(x) - C, can be integrated with respect of x. Then in [APZ2] (see also [7]) is defined the p-
adic integral:
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Tr(x) = J’tdx(t) (1)

O(x)

called the “trace of X”. However this integral do not exists always. If (1) is defined as usual, one says that
the element X has a trace. For example any X [JQ ; has a trace, namely one has:

1
deg (X)ter(X)/Qp (X) @

where deg(x)= [Qp[x]:QpJ and tro o (x) means the usual trace i.e. the sum of all conjugates of X over
p p

Tr(x) =

Q, . In [PVZ] are given the general conditions such that the integral (1) there exists, i.e. X has a trace. Also
in [APZ2] are indicate some classes of elements x of C such that Tr(x) is defined. For an element
xUJC,, denote m the closure of the polynomial ring Qp[x] inC,.
In [APZ1] is proved that m is the smallest closed subfield of C, which contains X, and
m n Qp = K, is called the algebraic part of m One has K, =m , and for any closed subfield L
of Cp, there exists at least an element XxOL such that Lzm (see [1]).
One say that element XDCp has a pseudo-trace, if there exists a sequence S ={xr}n of
m n Q, such that Iirfn X, =X and that the sequence {Tr(xn}n of p -adic numbers is convergent. Then

one denote Trc, (X)= IimTr(xn) the pseudo-trace of X with respect to the sequence S. Generally it is
n

possible that X has several pseudo-traces, or it has no any. If all the pseudo-traces of X are coincident, one
say that X has a continuous trace and this will be denoted by Trc(x). If the function

Tr:Q,[XInQ, - Q, ®3)

defined by (2) is continuous, then for any Yy DQP[X] there exists Trc(y). By above considerations there

results the fallowing result:
Proposition 1. Assume that xDCp has a pseudo-trace (respectively a continuous trace). Then any element of

Qp [x] has a pseudo-trace (respectively a continuous trace).

Up to now we do not know if any element X DCp has a pseudo-trace. By Example 4.3 of [2] there
results the existence of elements x L1C such that Tr(x) do not exists, but Trc(x) is defined.

In what follow we shall prove that the trace Tr(x) is in fact a pseudo-trace (Theorem 2). Also in

Theorem 4 one give a result on the coincidence of Tr(y) and Tr c(y) for all elements of m :
2. ANY TRACE IS A PSEUDO-TRACE

Theorem 2 Let x[JC be such that Tr(x) is defined. Then there exists a sequence {Xn}n of elements of

Q,[X] n Q, such that limx, =x and
n

Tr(x)=limTr(x,) i.e. Tr(x) is a pseudo-trace.



3 On the continuity of the trace

Proof. Let {£r}n be a decreasing sequence of positive real numbers with zero limit. For any n=1 denote
H(x,e,)={c 0G || x-0(x)|< & . Then by [7], there results that

lim =0

n |[G:H2x,en)]|

Now let us fix a natural number n and denote

K, = FixH(x.&,)={z0Q, suchthato(z)=zforallo OH (x., )}

since H(x)OH(xe,), then K,0Q,[xph Q,. Let B, be a sequence in Q,[x]nQ, such that
limB,=x. For m large enough one has: H(x,g,)=H(B,.&,). For such an m, denote

A(B,. K, )= max{|0([3m)—Bm| oOH (Bm,sn} . According to Ax-Sen Theorem (see [5] or [6]), there exists

Xn (7K, such that |X- Xa| = |Bm- Xa| < CA(Bn , Kn)s €&, Where ¢ is so-called Ax-Sen constant. Moreover one
can choice x, in such way that K, = Q,(X»).By above inequalities and (4) one obtain:

X=X, <c g,
[[G:H(xe)ll [[G:H(x&)]l

Now let
A =5 ax(HGue, ) H)
be a Riemannean sum associated to Tr(x) (see [7]). Here X(H(x,sn)/H(x))=1/r, where
r= [G ‘H(x,g, )] = deg(x, ). Then one has:
A= ek oSa= LS ox)-Ta,
|Tr(xn) An| | r | ter an)/Qp Zal‘ | r | ;O—l (Xn) ;al

when Jl(xn),...,a,(xn) are all conjugates of X, and a,,...,a
B(o,(x).e,), 1<i<r.
This shows that

<% _ o
|r]

belongs to correspondings balls

n

limTr(x,)=Tr(x),i.e. x has a pseudo-trace.

Corollary 3. Assume that x(JC ; has a trace and the function (3) is continuous. Then Tr c(x) is defined and
one has:

Tr(x)=Trc(x)

3. MAIN RESULT

Let x DCp. According to [APZ1] there exists a sequence {Mn(x} of polynomials of Qp[x] such

n=0
that:
i) degM, (x)=n, and |M,(x} <1, n=0.
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ii) For any yDé?[?], there exists an unique sequence {an}
and that:

n=0

of p -adic numbers, such that lima, =0,
n

y:;anMn(X) (4)

Moreover one has: |y| = sup|a,M , (x)| .

Now let us assume that Tr(x) is defined. Then Tr(Mn(x)) is also defined for all n=0, and so for
y U Qp[x] given by (4) one can consider the series:
S(y)= 3 aTr(M, () ©
nz
Generaly one do not say anything on the convergence of such series. However one has the following results:
Theorem 4. Let x[1C, be such that Tr(x) is defined. The following assertions on equivalent:

i) Forany y Dm the series (5) is convergent.
ii)  The function

Tr:Q,[x|nQ, - Q,, y—Tr(y)

is continuous.
Then for any yOQ, [X] are defined both Tr(y)and Trc(y) and one has:

Tr(y)=Tre(y)=5(y)
Proof. i) [ ii) Since the series (5) is convergent for all y DQP[X], there results that for a suitable real
number M >0 one has:

Tr(M,(x)) <™

forall n=0.
Then the function

$:Q,[x1-Q,, yr>S(y)

is continuous and lineary. Now one assert that for any yDé?[?}w Q, one has: S(y):Tr(y). For that let

m

us consider the equality (4), and denotey, = ZaiMi(x), for all m=>0. It is clear that limy, =vy.

Furthermore, denote by 0, =e,...,0, a system of representatives for the right casets of G with respect to
H(y)={oc0G|o(y)=y}. sence yOQ,[x], one has H(x)OH(y), and let us denote
D, :ai(H (y)/H(x)), 1<i<m. It is clear that {Di}lsism give an open (and closed) covering of
O(x): G/H (x) by mutual disjoint subsets. The element y can be viewed as a local constant function
y:0(x) - C, defined by y(o(x))=0(y). Then for any o(x)0D;, one has: y(o(x))=0;(y).
One has

1

)= 3 o0)= [Yer(e)= 3 [yl

r & )



5 On the continuity of the trace

Furthermore, for any o(x)OD; one has:
limy, (o(x))=0;(y),

and this limit is uniform with respect to U(X). Now one show that
. 1
lim [y, (@())dx(@(x))=0:(y).
D

For that let & >0 be a real number, and let m(3) be a natural number such that Vi (@(x))-o, (y)| <9, for
all o(x)0D,; whereas m=m(3). Now let {B[Uij (x), 5]}

< j<d(mo) be all closed balls of radius o, any two

disjoint which covers O(x) . Then by the definition of trace (see [2] or [7]), one has:

1 d(m,3)

g % (00

rd (rln,a)%’j(g) 6; (¥n) —d(m, ) q(y)é <
. 0 _ 0
“[rd (m3) 1 (x3)

where I(X,5)= rd (m,5) is just the number of closed balls of radius o, any two disjoint which covers

O(x).

Since Tr(x) is defined, then (see[PVZ]) one has:

lim——=0.
g |I (x,5)|
Hence if € >0 is a real number, there exists another real number 5(8) >0 such that

0
1(x,9)

whereas 0 < J(g).
Then for all m > m(5(¢)), and all 5 < 3(g), one has:
1 d(m,5)

rd(m,d) ; ym(aij(x))‘lai(x <¢

r

This shows that

But

As claimed.
In conclusion, for all yOQ,[xh Q, one has:
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Tr(y) = S(y) =Tr c(y) and so by Theorem 2 one has Tr: m nQ, - Q, is continuous.

i) 1) By Theorem 2 one has:

Tr(x)=Trc(x), and Tr(M,(x))=Trc(M, (x)) for all n=0. Also if y0Q,[x]is given by (4),
consider

m

ym:;aiMi(X)'

Then by Theorem 2 one has: Tr(ym)=Tr c(ym) for all m>0. Furthermore, since y =limy,,, then
Tre(y)=limTre(y, ).

m

But Tr C(ym ): Z anTr(M N (x)) andso Tr C(y) =S (y) i.e. the series (5) is convergent.

n=l
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