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Pseudo-pure states are defined as the maximally degenerate mixed states. The density matrices of
such states have only two distinct degenerate eigenvalues. We shall show that, in the particular case
of the two qubits systems, these states are completely determined by the one of the two Bloch vectors
of the corresponding qubits.

I. INTRODUCTION

It is well know that the pure states are described by maximally degenerate density matrices which have
only two distinct eigenvalue: a non-degenerate eigenvalue equal to one and a degenerate eigenvalue equal to
zero. In other words the density matrix is a projector, i.e., is an idempotent operator. By definition such an
operator ρ satisfies a second order algebraic equation ρρ =2 . In the papers [1-5] it was shown that the two-
qubits density matrices of pure states are completely determined by the Bloch vector of one of the qubits. In
the present paper we shall show that this situation is valid also in the case of the maximally degenerate
(pseudo-pure) states of the two-qubits systems. For these states their density matrices satisfy second order
algebraic equations 02 =+− pIsρρ . For 1=s  and 0=p  we have the case of pure states. We shall prove
that the equations fulfilled by the Fano parameters of any maximally degenerate mixed state of a two qubits
system determine in a unique way the correlation matrix and one of the Bloch vector as functions of the other
Bloch vector. In order to obtain the equations fulfilled by the Fano parameters we shall use two different
parametrizations for the states of two-qubits quantum systems: the generalized Bloch vector parametrization
[1-10] and the Fano parametrization [3-9], [12-17] and the relations between them.

2. THE BLOCH PARAMETRIZATIONS

a) The Bloch vector.

Let H be a finite-dimensional Hilbert space with dimension equal to d . We denote by )(HEnd  the
vector space of the linear operators on H  and define on this space the Hilbert-Schmidt inner product by the
formula: )(),( BATrBA ∗=  for any )(, HEndBA ∈  (the operator ∗A is the adjoint of the operator A ). The
Lie algebra )(dsu of all selfadjoint operators )(HEndA ∈ with 0=TrA is a real subspace of )(HEnd ,
with dimension equal to 12 −= dD . We shall take a basis D

jj 1}{ =τ of this subspace such that the following

relations are valid jkkj δττ 2),( = . Then any density matrix ρ i.e. any linear selfadjoint and positive definite
operator with 1=ρTr can be described by the following formula:

∑
=

+=
D

j
jjvI

d
v

12
11)( τρ (2.1)
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The real vector D
D Rvvvv ∈= ),...,,( 21  is called the generalized Bloch vector [1-10] and is defined in a

unique way by the density matrix ρ : ),( jjj Trv τρρτ == . But the converse correspondence is not valid for

any vector D
D Rvvvv ∈= ),...,,( 21 . The fact that the density matrix ρ  is positive definite imposes severe

restrictions on the Bloch vectors [10]. Let us denote by ∑
=

>=<
D

j
jjuvuv

1

,  the Euclidean inner product on

DR  and by ><= vvv ,||||  the corresponding norm.

b) The equations satisfied by the Bloch vector of a pseudo-pure state.

The Lie brackets of the generators D
jj 1}{ =τ of the Lie algebra )(dsu are given by the structure

constants D
lkjjklf 1,,}{ = :

∑
=

=
D

l
ljklkj fi

1
2],[ τττ (2.2)

These structure constants are the components of a totally anti-symmetric tensor and fulfill the Jacoby
identity:

∑
=

=++
D

m
mlqkpmmkqplmmpqklm ffffff

1

0)( (2.3)

A remarkable fact, specific to the Lie algebra )(dsu , is the existence of a symmetric bracket:

∑
=

+=+
D

l
ljkljklkkj dI

d 1

24 τδττττ (2.4)

Here jkld  are the components of a totally symmetric tensor. With the aid of anti-symmetric and symmetric

tensors we define an anti-symmetric and a symmetric product on the Euclidean space DR . The anti-
symmetric product is defined by:

! ∑∑
= =

=
D

k

D

l
lkjklj yxfyx

1 1

)( (2.5)

The symmetric product is defined by:

" ∑∑
= =

=
D

k

D

l
lkjklj yxdyx

1 1

)( (2.6)

Then the commutators and anticommutators becomes respectively:

[ ] ! ><=><>< τττ ),(2,,, yxiyx (2.7)

{ } " ><+><=><>< τττ ),(2,4,,, yxIyx
d

yx (2.8)

For any density matrix (2.1) we have

>



 +<+><+= τρ ,)(

4
11),

2
11()( 2

2 " vvv
d

Ivv
dd

v (2.9)

The quantum state described by the density matrix ρ  is a maximally degenerate state if and only if:
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0)()(2 =+− pIvsv ρρ (2.10)

Then, from (2.9) it follows that the Bloch vector v describes a maximally degenerate state if only if the
squared Euclidean norm of v is given by:

)1(2,
d

pdsvv −−>=< (2.11)

Also it follows that the symmetric product of v  with v must lives in the one- dimensional subspace
generated by v :

" v
d

svv )1
2

(4 −= (2.12)

We introduce the following notations 
d

s 42 −=µ  and >=<−−= vv
d

pds ,222γ .

c) The positivity of pseudo-pure density matrices

In the case of the density matrices ρ for pseudo-pure quantum states we have the spectral decomposition:

2211 PP λλρ += (2.13)

where the positive eigenvalues 1,0,0 221121 =+≥≥ δλδλλλ , are degenerate with multiplicities:

 
2

2

2

1

2

1

)
,81

11(
2

)
,81

11(
2

δ

µ

δ

µ

=
><+

+=

=
><+

−=

d
vv

dTrP

d
vv

dTrP

(2.14)

 respectively. Let us suppose that the multiplicities 21 ,δδ  are given and 012 >− δδ . Then we have

2
1

112
2

21

2121

)2(2
)(

)(2
)(,

δ
δδµ

δδ
δδδδ

−
−=

−
+>=<

d
ddvv (2.15)

i.e., for such degenerate density matrices the all unitary invariants are expressible as functions of the
invariant 2µ . The eigenvalues 21 ,λλ  are given by:

><+±+= vv
dd

,
2
1

164
1 2

2,1
µµλ (2.16)

Then replacing the value of >< vv, given by the equation (2.15) in the equations (2.13) we obtain:

)(2
1

)(2
1

12

1
2

12

2
1

δδ
µδλ

δδ
µδλ

−
−=

−
+=

d

d
(2.17)

The positivity condition for these eigenvalues gives:
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1

1

1

12 )2(2)(2
δ

δ
δ

δδµ
d

d
d

−=−≤ (2.18)

There are two families of pseudo-pure quantum states which are more carefully studied in the literature; the
Werner Wρ  states and the Horodecki states Hρ which are defined by:

 
)(

1
1

2)1(
1

2)1(
1

++ −
−

−+=

−
−

−++
+

+=

PI
d

ffP

VI
dd
FVI

dd
F

H

W

ρ

ρ
(2.19)

Here the operators V and +P  are defined by the following properties:

22    ;      ;      ;   1   ;   V I TrV d P P TrP VP P V P+ + + + + += = = = = = (2.20)

For Horodecki states we have 
2

)1(,
2

)1(
21

+=−= dddd δδ and for Werner states we

have 1,1 21 −== dδδ . Hence the following restriction follows for the parameter µ :

4 2( 2)   ;    
( 1)W H

d
dd d
−µ ≤ µ ≤

−
(2.21)

In the case of two qubits 4=d and 1)2(2
)1(

4 =−=
− d

d
dd

because for both classes of states we have

3,1 21 == δδ .

3. THE FANO PARAMETRIZATION

a) The Fano parameters.
The density matrix corresponding to a state of a bipartite quantum system composed from two

subsystems of dimensions 1d  and 2d  can be parametrized by the Fano parameters [2-9], [12-17]:

        
2 2

1 21 1

1 2 2 1
1 11 2 2 1

1 1 1 1( ) , , ( )
2 2 4

d d

kl k l
k l

I I x I I y K
d d d d

− −

= =
ρ = ⊗ + < τ > ⊗ + ⊗ < τ > + τ ⊗ τ∑ ∑  (3.1)

b) The equations satisfied by the Fano parameters of a pseudo-pure state.

The pseudo-purity condition (2.10) gives us the following equations for the Fano parameters [17]:

" ∑++=





− spjsp

T
jjj dKKKy

d
xx

d
x

dd
s )1(

1221

)(
4
1)(1)(

2
12

(3.2)

and

" spjsp
T

j
T

jj dKKxK
d

yy
d

y
dd

s )2(

2121

)(
4
1)(1)(

2
12

++=





− (3.3)

and
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∑ ∑ ∑ ∑−+++

=





−

tqlspjpqsttqlspjpqstqltqjtpjpssl

ljjl

ffKKddKKydK
d

xdK
d

yx
dd

K
dd

s

)2()1()2()1()2(

1

)1(

2

2121

4
1

4
111

22

(3.4)

and

21
21

22

1
4
1,

2
1,

2
1

dd
pddsKTrKyy

d
xx

d
T −−=+><+>< (3.5)

In the particular case of two qubits we have 221 == dd , 0=ijkd , for all values of indices and ijkijkf ε= for

all values of indices. Also we have 12 −= sµ  and
2
182 −−= psγ . Hence the above equations (3.1)-(3.3)

become:

Kyx =µ (3.6)

and

xKy T=µ (3.7)

and

jl
T

ljpqsttqlspjljjl adjKyxKKyxK ))((
2
1 −=−= ∑ εεµ (3.8)

(where KKadjK det1−= ), and

γ2,, =+><+>< KTrKyyxx T (3.9)

4. THE TRANSFORMATIONS BETWEEN THE FANO AND BLOCH PARAMETERS

 In the following we shall restrict our considerations to the case of two-qubits quantum systems for
which we have 221 == dd . We shall denote by },...,,{ 21 duuu  a basis in the −d dimensional Hilbert
space H . The operators jkE are defined by:

jklljk uuE δ= (4.1)

The basis of the Lie algebra of )2(su  defined in the first section is defined by:

22113

12212

21121

)(1
EE

EE

EE

−=
−−=

+=

τ
τ

τ

(4.2)

The basis of the Lie algebra )3(su  is given by (4.2) and by:
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( )
4 13 31 5 31 13 6 23 32

7 32 23 8 11 22 33

   ;   1 ( )   ;      ;   
11    ;   ( 2 )
3

E E E E E E

E E E E E

τ = + τ = − − τ = +

τ = − − τ = + −
(4.3)

Analogously the basis of the Lie algebra )4(su is given by (4.2), (4.3) and by:

( )

( )
9 14 41 10 41 14 11 24 42 12 42 24

13 34 43 14 43 34 15 11 22 33 44

   ;   1 ( )   ;      ;   1   ;
1   ;   1    ;   ( 3 )
6

E E E E E E E E

E E E E E E E E

τ = + τ = − − τ = + τ = − −

τ = + τ = − − τ = + + −
(4.4)

If we consider the four-dimensional Hilbert space of two qubits as the tensor product of the two-dimensional
Hilbert spaces H  which describe the pure states of each qubit then we can take the basis  },,,{ 4321 uuuu  in

HH ⊗ in the following way },,,{ 22122111 uuuuuuuu ⊗⊗⊗⊗ . With these conventions and putting the
operators in the product space on the left side and the operators in the four-dimensional space on the right
side we have the following relations:

1 1 6 9 1 2 7 10 1 3 4 11 2 1 7 10

2 2 6 9 2 3 5 12 3 1 1 13 3 2 2 14

3 3 3 8 15

   ;      ;      ;    ;
  ;     ;      ;      ;   

1 2
33

τ ⊗ τ = τ + τ τ ⊗ τ = −τ + τ τ ⊗ τ = τ − τ τ ⊗ τ = τ + τ
τ ⊗ τ = τ − τ τ ⊗ τ = τ − τ τ ⊗ τ = τ − τ τ ⊗ τ = τ − τ

τ ⊗ τ = τ + τ − τ
(4.5)

and

1 4 11 2 5 12 3 8 15 1 1 13

2 2 14 3 3 8 15

2 2   ;      ;      ;   
33

1 2   ;      ;   .
33

I I I I

I I I I I

τ ⊗ = τ + τ τ ⊗ = τ + τ τ ⊗ = τ + τ ⊗ τ = τ + τ

⊗ τ = τ + τ ⊗ τ = τ − τ + τ ⊗ =
(4.6)

Then from the equality:
3 3

1 1

1 1 1( ) , , ( ) ,
4 4 2kl k l

k l
I I x I I y K I v

= =
ρ = ⊗ + < τ > ⊗ + ⊗ < τ > + τ ⊗ τ = + < τ >∑∑  (4.7)

we obtain the following relations between the components of the Bloch vector and the Fano parameters:

1 1 31 2 2 32 3 3 33 4 1 13 5 2 23

6 11 22 7 21 12 8 3 3 33 9 11 22

1 1 1 1 1( )   ;   ( )   ;   ( )   ;  ( )   ;   ( )
2 2 2 2 2
1 1 1 1( )   ;   ( )   ;   (2 )   ;   ( ).
2 2 22 3

v y K v y K v y K v x K v x K

v K K v K K v x y K v K K

= + = + = + = + = +

= + = − = + − = −
(4.8)

and

10 12 21 11 1 13 12 2 23

13 1 31 14 2 32 15 3 3 33

1 1 1( )   ;   ( )   ;   ( )   ;
2 2 2
1 1 1( )   ;   ( )   ;   ( )
2 2 6

v K K v x K v x K

v y K v y K v x y K

= + = − = −

= − = − = + −
(4.9)

The converse relations are given by [11]:
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1 4 11 2 5 12 3 8 15

1 1 13 2 2 14 3 3 8 15

11 6 9 12 7 10 13 4 11

2 2   ;      ;      ;
33

1 2   ;      ;      ;
33

   ;      ;   

x v v x v v x v v

y v v y v v y v v v

K v v K v v K v v

= + = + = +

= + = + = − +

= + = − + = −

(4.10)

and

21 7 10 22 6 9 23 5 12

31 1 13 32 2 14 33 3 8 15

   ;      ;      ;

1 2   ;      ;   
33

K v v K v v K v v

K v v K v v K v v v

= + = − = −

= − = − = + −
(4.11)

5. THE FANO PARAMETERS FOR PSEUDO-PURE STATES

In order to obtain the solutions of the equations (2.12) we must have the concrete expressions for the
components of the vector "vv . These components are given using the values of the components of the

symmetric tensor ijkd for the Lie algebra )4(su taken from [8]. We have:

153
2

12
2

11
2

10
2

9
2

7
2

6
2

5
2

4833

15212911106574822

15112101197564811

3
2)(

2
1

3
2)(

3
2

3
2)(

3
2

3
2)(

vvvvvvvvvvvvvv

vvvvvvvvvvvvvv

vvvvvvvvvvvvvv

+−−++−−++=

+−++−=

+++++=

"

"

"

(5.1)

and

15714111312877342517

15614121311866352416

1551491310855362715

1541410139844372614

3
2

3
1)(

3
2

3
1)(

3
2

3
1)(

3
2

3
1)(

vvvvvvvvvvvvvvvv

vvvvvvvvvvvvvvvv

vvvvvvvvvvvvvvvv

vvvvvvvvvvvvvvvv

+−+−−−=

+++−−+=

+−+−++=

+++−+−=

"

"

"

"

(5.2)

and

158
2

14
2

13
2

8
2

3
2

2
2

1

2
7

2
6

2
5

2
4

2
12

2
11

2
10

2
98

3
2)(

3
1

)(
32

1)(

vvvvvvvv

vvvvvvvvvv

+−−−++

+−−−−+++="
(5.3)

and
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15128121371461239210112

15118111471361131029111

151081013514410311212110

15989145134931221119

3
2

3
1)(

3
2

3
1)(

3
2

3
1)(

3
2

3
1)(

vvvvvvvvvvvvvvvv

vvvvvvvvvvvvvvvv

vvvvvvvvvvvvvvvv

vvvvvvvvvvvvvvvv

−+++−−=

−+−+−+=

−+++++=

−+−++−=

"

"

"

"

(5.4)

and

2
15

2
14

2
13

2
12

2
11

2
10

2
9

2
8

2
7

2
6

2
5

2
4

2
4

2
3

2
2

2
115

15141171269510481414

15131271161059481313

3
2)(

6
1

)(
6

1)(

3
2

3
2)(

3
2

3
2)(

vvvvvvv

vvvvvvvvvvv

vvvvvvvvvvvvvv

vvvvvvvvvvvvvv

−+++++

−++++++++=

−−+−+−=

−++++−=

"

"

"

(5.5)

When we put these expressions in the equations (2.12) we obtain an apparently intractable system of
equations. The remarkable fact discovered by Kummer in [12] and [13] is the very simple and tractable form
of these equations when they are written for the Fano parameters. These equation were already been obtained
by us (see the equations (3.6), (3.7) and (3.8)] as a particularization of the general equations (3.2)-(3.5),
taken from [17]).  We shall find these equations directly from the equations for the Bloch vector using the
relations between the Bloch and Fano parametrizations given above. We shall define the Fano parameters
(denoted by the same symbols with a hat) associated with the vector "vv  as functions of the Fano
parameters of the vector v :

)()()(

)()()(

)()()(

)(
3
2)(

3
2)(

)()(

)()(

)(
3
2)(

3
2

)()(

)()(

312232213111413

312333212110712

32233322119611

33322311315833

3322221121422

3312211111311

3332321311583

3232221211252

3132121111141

KKKKyxvvvvK

KKKKyxvvvvK

KKKKyxvvvvK

xKxKxKvvvvvvy

xKxKxKvvvvy

xKxKxKvvvvy

yKyKyKvvvvx

yKyKyKvvvvx

yKyKyKvvvvx

−−=−=

−+=+−=

−−=+=

++=+−=

++=+=

++=+=

++=+=

++=+=

++=+=

""
""
""

"""
""
""
""

""
""

#

#

#

#

#

#

#

#

#

(5.6)
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and

)()(
3
2)(

3
1)(

)()()(

)()()(

)()()(

)()()(

)()()(

2112221133158333

211323112314232

221323121313131

311232113212523

31133311229622

321333121210721

KKKKyxvvvvvvK

KKKKyxvvvvK

KKKKyxvvvvK

KKKKyxvvvvK

KKKKyxvvvvK

KKKKyxvvvvK

−−=−+=

−+=−=

−−=−=

−+=−=

−−=+=

−+=+=

"""
""
""
""
""
""

#

#

#

#

#

#

(5.7)

Then if we define the operator K  on the 3-dimensional Euclidean space 3R  in which the Bloch vectors x
and y  live we obtain:

TT

T

adjKxyK
xKy

Kyx

)(−=

=

=

#
#
#

(5.8)

from which the analogue for the Kummer equations in the case of pseudo-pure states follows immediately:

KadjKxy
yxK

xKy

TT

T

µ
µ

µ

=−

=

=

)(
(5.9)

In the above given equations we have used the following notations: TK  denotes the transpose of K and
KKadjK det1−= . In order to solve the equations (5.10) we shall use an idea of T. Constantinescu and V.

Ramakrishna [14-15]. We shall multiply the last equation from (5.10) on the right side with TK  and also we
shall multiply it transpose with K . Then we obtain:

)()(det
)()(det

KKyyIK
KKxxIK

TT

TT

−=

−=
µ
µ

(5.10)

If we multiply these equations on the right hand side with x and y  respectively then we obtain:

),(det
),(det

2

2

µµ
µµ

−><=

−><=
yyK
xxK

(5.11)

Hence for any pseudo-pure state we have the important restriction:
>>=<< yyxx ,, (5.12)

Replacing the values of Kdet given by the equations (5.12) in the equations (5.11) respectively we obtain
the important equations:

IyyyyKK
IxxxxKK

TT

TT

),(
),(

2

2

µ
µ

+><−+=

+><−+=
(5.13)

Let us consider that the Bloch vector x of the first qubit is given. Then the Bloch vector y  of the second
qubit and the correlation matrix K  are the solutions of the following equations:
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xKy

xxK
IxxxxKK

T

TT

µ

µµ
µ

1
),(det

),(
2

2

=

−><=

+><−+=

(5.14)

Similarly if the Bloch vector y of the second qubit is given then the Bloch vector x of the first qubit and the
correlation matrix K are the solutions of the following equations:

Kyx

yyK
IyyyyKK TT

µ

µµ
µ

1
),(det

),(
2

2

=

−><=

+><−+=

(5.15)

We remark that the symmetric, positive definite, 33Χ  matrices KK T and TKK  have the same eigenvalues
321 ,, ζζζ  which are the roots of the Cayley-Hamilton equations:

0)(det])()[(
2
1)(

0)(det])()[(
2
1)(

2223

2223

=−−+−

=−−+−

KKKTrTrKKKKTr

KKKTrKTrKKKTr

TTT

TTT

ζζζ

ζζζ
(5.16)

respectively.  Indeed we have:

4222

4222

2

2

2

3,4,2)(
3,4,2)(

),(det
3,2)(
3,2)(

µµ
µµ

µµ
µ
µ

+><−><=

+><−><=

−><=
+><−=

+><−=

xxxxKKTr
yyyyKKTr

yyK
xxKKTr
yyKKTr

T

T

T

T

(5.17)

i.e., the matrices KK T and TKK have identical Cayley-Hamilton equations given by:

0),(),,43(),23( 222224223 =−><−><+><−+><−− µµζµµζµζ xxxxxxxx (5.18)

This equation factorizes in the following way:

0)),()(( 222 =><−−− xxµζµζ (5.19)

Hence the common eigenvalues of the positive definite matrices KK T and TKK are
2

1 µ=c and ><−== xxcc ,2
32 µ .( We remark that the restriction ><−≤ xx,0 2µ is a consequence of

the fact that TKK and TKK are positive operators.) From this result and from the equations (5.14) we obtain
the spectral decompositions of the operators KK T and TKK :

)
,

)(,(
,

)
,

)(,(
,

22

22

><
−+><−+

><
=

><
−+><−+

><
=

yy
yyIyy

yy
yyKK

xx
xxIxx

xx
xxKK

TT
T

TT
T

µµ

µµ
(5.20)
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respectively.  Let us define T
x KKK =|| and KKK T

y =|| . Then we have:

)
,

(,
,

||

)
,

(,
,

||

2

2

><
−><−+

><
=

><
−><−+

><
=

yy
yyIyy

yy
yyK

xx
xxIxx

xx
xxK

TT

y

TT

x

µµ

µµ
(5.21)

and

y

x

KOK
OKK
||
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(where xO  and  yO  are rotation matrices in the 3-dimensional Euclidean space of the corresponding Bloch
vectors of qubits) and respectively
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Hence, for the two qubits pseudo-pure states the Bloch vectors of the corresponding qubits are related by a
rotation.  There we have two singular cases: a) when >>=<=< yyxx ,,2µ  and b) when

0,, >=>=<< yyxx . In the first case we have
µ

TxxK =  and xy = .  In the second case we have

OK µ= and 0== yx .
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