'ri] THE PUBLISHING HOUSE PROCEEDINGS OF THE ROMANIAN ACADEMY, Series A,
£|| OF THE ROMANIAN ACADEMY Volume 6, Number 1/2005, pp. 000-000

DUALITY FOR MINIMUM MATRIX NORM PROBLEMS

Vasile PREDA”, Cristinca FULGA™

“ University of Bucharest, Faculty of Mathematics and Informatics, Str. Academiei 14, 010014 Bucharest, Romania
“*Academy of Economic Sciences, Piata Romana 6, 010174 Bucharest, Romania, E-mail:f ul gac@ades. ro
Corresponding author: Vasile PREDA, E-mail: pr eda@ ni . uni buc. ro

We investigate a minimum matrix norm problem with inequality constraints and its dual. An explicit
rule for finding a primal solution from the solution of the dual problem is given. The case with
equality constraints is also considered.
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1. PRELIMINARIES

The problem of determining a minimum norm solution arises in various applications, see references
[1,2,6,7]. We consider the problem

X p
(P1) min F(X)=” |%, subject to AX =B

where 1< p <o, A Bare kxm,kxn real matrices, X = (xij )1sism is the mxn real matrix of unknows.

1<j<n

m n p
We mention that |X || = EZ Z|xij N Ey and that AX =B means
=T 1=

a;x/ 2bij,Di:1,_k,J'=1,_n

where a; is the ith row of A, b’ is the jth column of B = (bij )%si_s ,xVis the jth column of X.

<jsn

It is assumed throughout this paper that the feasible region O ={X|AX > B} is not empty. Hence the
existence and uniqueness of the solution of problem (P1) are ensured by the projection theorem [7]. The dual

index of p is denoted by g, that is %+% =1. We will establish that the dual problem of (P1) has the form

BnaxG(yl,..., yn)zblT yl+.. +b"Ty" _||A(YX|:/C]
(D1) Elyl >0,..,y" 20

ey ORK

U
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EP/lH B)’—lmﬂH o
MR,

where Y =[.. [OR*, withy' =0 I=1n and A(Y)z(ATy1 ATy”).We recall that

3 o

A, =5 S|

Next, we will investigate the relations between the two problems, the primal one, (P1), and its dual
(D1).

2. DUALITY RESULTS

In order to prove that (D1) is the dual of (P1), we need some further notation. Let c; be the jth column
of A and let Z(Y) = (Zl(Y) o Z" (Y)) be a real m x n matrix, where

ZI(Y)Z(Z(I—l)mH(Y) Z(I—l)m+m(Y))T DRm’ I=R’

and

Z1-tm (Y)=|c}y'|q_1 Bgn(c}y'), l=1n, j=1,

For the component z ., ; (Y) of the matrix Z (Y )we also use the notation z, (Y)
The following lemmas are needed in the proof of our main result.

Lemma 2.1 We have

Proof. By direct calculus we have

(A0 o) =585 Sl o =25 0, ey sn(ely -

;ajk Ij(I—l)m+k _a ul (Y)

Lemma 2.2 We have
i Az )= A )|

Proof . We can successively write
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Z yTAZ (Y): i i Y(i-tym+ (&, 7' (Y) = i i Yiiom+j imaji B(I s (y) —
) Z 2 Z(I_l)m+l DZ y(l e @ Z Z Z(' 1)m41 ET l=
:Zikr [yl| Bgn C y ET I_ZZ|C ﬂ/| —”A

Lemma 2.3. We have

> 11
3

z(v); =[AC)]

q

Proof. Clearly,

2 () ZZ'Z XZZ
oF

Let g(X)=1(g; (X))i-im be areal mxn real matrix with g (X)= ax(
1=1,n

o o sonky ) =y 5 ol A

x).

il
Lemma 2.4 . We have

Proof. Clearly,

9 (Z (Y)) =|zj, (Y)

"

sgn (z, (Y)) =[c] @/'|sgn(c} ') =cly' Og(Z(V)} A(Y)

Theorem 25 Let X* be the optimal solution of (P1); then there exists Y*OR™ such
that X~ = Z(Y) and Y “is the optimal solution of (D1). Conversely, let Y “be the optimal solution of (D1);
then X" = Z(Y*) is the unique solution of (P1). We also have D(Y*)z F(X*) and the classical primal-dual
inequality D(Y)< F(X), for any feasible solutions X,Y of (P1), (D1).

Proof Using the Kuhn-Tucker optimality conditions we have that X is an optimal solution for (P1) if
and only if there exists Y OJR"™ such that

[ALXY > b T —b?

D * * ~ *

g. YT 20; YT . 0=0; g(x*)=A{") 2.1)
e 2 o -t

But, by Lemma 2.4, g( ( ) A( ) hence X* -Z( ) Substituting this into (2.1) yields

ey (v*)= bt Oy* tfazt(v*)-bt)=0
Y 20 0 2.2)

DAz ( )2 b Hm dazn (v*)-br)=0

which are the optimality conditions for (D1). We have proved that if X~ is the optimal solution of (P1),
then the corresponding Lagrange vector Y™ OR™ is the optimal solution of (D1).
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Conversely, let Y* OR™ be the optimal solution of (D1). Then the optimality conditions (2.2) hold
and X" = Z(Y*) satisfies (2.1), which proves that X ™ is the optimal solution of (P1).

In both cases, by Lemmas 2.1-2.4, we find that X ™ and Y~ satisfy

N

==[z(r*

D( ) by + .. +b"Ty ”A

- Z y'T A () -[Al
Moreover, for all feasible solutions X, Y of (P1), (D1) we have
D(Y)=biTyt+.+by" — ATy +.+ ATy"| [g < Dr*)=F(x")< F(x)

An important special case of (P1) occurs when the system AX =B is replaced by AX =B. In this
case the primal problem

(2) B FninF(x)=|X|° /p
Sax =B

can be written as

A Tut ... ATu" o —
where A(U,V)=@T L AT n% is a real 2mxn matrix, u',viORK,i=1n. Substituting
v Vv

ui —vi =yl i=1n yields the following result.

Corollary 2.6 The dual of the minimum norm problem (P2) is

oo -
[y i ORXi=1,n.

If X™ is the optimal solution of (P2), then there exists Y " O R™ such that X Z(Y ) and Y “is the optimal
solution of (D2). Conversely, if Y "is the optimal solution of (D2) then X~ (Y*) is the unique solution of
(P2). We also have D(Y*)z F(X*) and the classical primal-dual inequality D(Y )< F(X) for any feasible
solutions X,Y of (P2), (D2).
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