
      THE PUBLISHING HOUSE PROCEEDINGS OF THE ROMANIAN ACADEMY, Series A,
      OF THE ROMANIAN ACADEMY                                                                                   Volume 6, Number 1/2005, pp. 000-000

_________________________________________________________
Reccomended byMarius IOSIFESCU, member of the Romanian Academy

DUALITY FOR MINIMUM MATRIX NORM PROBLEMS

Vasile PREDA*, Cristinca FULGA**

* University of Bucharest, Faculty of Mathematics and Informatics, Str. Academiei 14, 010014 Bucharest, Romania
**Academy of Economic Sciences, Piata Romana 6, 010174 Bucharest, Romania, E-mail:fulgac@hades.ro

Corresponding author: Vasile PREDA,  E-mail: preda@fmi.unibuc.ro

We investigate a minimum matrix norm problem with inequality constraints and its dual. An explicit
rule for finding a primal solution from the solution of the dual problem is given. The case with
equality constraints is also considered.

Keywords: minimum matrix norm solutions, duality, relations between primal and dual solutions.

1.  PRELIMINARIES

The problem of determining a minimum norm solution arises in various applications, see references
[1,2,6,7]. We consider the problem
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and that BAX ≥  means
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where ai is the ith row of A, b j  is the jth column of ( )
nj
kiijbB
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1
1 , x j is the jth column of X.

It is assumed throughout this paper that the feasible region { }BAXX ≥=ℜ  is not empty. Hence the
existence and uniqueness of the solution of problem (P1) are ensured by the projection theorem [7]. The dual

index of p is denoted by q, that is .111 =+
qp

 We will establish that the dual problem of (P1) has the form
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Next, we will investigate the relations between the two problems, the primal one, (P1), and its dual
(D1).

2.  DUALITY RESULTS

In order to prove that (D1) is the dual of (P1), we need some further notation. Let cj be the jth column
of A and let ( ) ( ) ( )( )YzYzYZ n1 ...=

 

be a real nm × matrix, where
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For the component ( ) ( )Yz jml +−1  of the matrix ( )YZ we also use the notation ( ).Yz jl

The following lemmas are needed in the proof of our main result.

Lemma 2.1 We have
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Proof. By direct calculus we have
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Lemma 2.2 We have
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Lemma 2.3. We have
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Lemma 2.4 . We have

( )( ) ( )YYZg A
!

=

Proof.  Clearly,

( )( ) ( ) ( )( ) ( ) ( )( ) ( )1
sgn sgn A

p T l T l T l
jl jl jl j j jg Z Y z Y z Y c y c y c y g Z Y Y

−
= ⋅ = ⋅ ⋅ = ⇒ =

!

.
Theorem 2.5 Let * X  be the optimal solution of (P1); then there exists nkRY ∈*  such

that ( )** YZX =  and *Y is the optimal solution of (D1). Conversely, let *Y be the optimal solution of (D1);
then ( )** YZX =  is the unique solution of (P1). We also have ( ) ( )** XFYD =  and the classical primal-dual
inequality ( ) ( )  ,XFYD ≤ for any feasible solutions  ,YX  of (P1), (D1).

Proof Using the Kuhn-Tucker optimality conditions we have that * X  is an optimal solution for (P1) if
and only if there exists nkRY ∈*  such that
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But, by Lemma 2.4, ( )( ) ( )** ˆ YAYZg = , hence ( )** YZX = . Substituting this into (2.1) yields
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which are the optimality conditions for (D1). We have proved that if * X  is the optimal solution of (P1),
then the corresponding Lagrange vector nkRY ∈*  is the optimal solution  of (D1).
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Conversely, let nkRY ∈*  be the optimal solution  of (D1). Then the optimality conditions (2.2) hold
and ( )** YZX =  satisfies (2.1), which proves that * X  is the optimal solution of (P1).

In both cases, by Lemmas 2.1-2.4, we find that * X  and * Y  satisfy
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Moreover, for all feasible solutions X, Y of (P1), (D1) we have
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An important special case of (P1) occurs when the system BAX ≥  is replaced by .BAX =  In this
case the primal problem
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niyvu iii ,1, ==−  yields the following result.

Corollary 2.6 The dual of the minimum norm problem (P2) is
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If * X  is the optimal solution of (P2), then there exists nkRY ∈*  such that ( )** YZX =  and *Y is the optimal
solution of (D2). Conversely, if *Y is the optimal solution of (D2) then ( )** YZX =  is the unique solution of
(P2). We also have ( ) ( )** XFYD =  and the classical primal-dual inequality ( ) ( )D Y F X≤  for any feasible
solutions  ,YX of (P2), (D2).
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