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In order to put the characteristic polynomial of a density matrix in a new form we use a result of A. J.
Mountain. The coefficients of the characteristic polynomial in this form are functions of a new class
of invariants introduced by K. Lendi. These invariants are expressed using the symmetric and scalar
product for the Bloch vector associated with the density matrix. The conversion relations from the
Bloch vectors to the Fano parameters allow us the calculation of Lendi’s invariants as functions of the
Fano parameters. We obtain also the beautiful result of Horodeckis [16] about the factorization of the
characteristic equation of a two-qubits density matrix.

I. INTRODUCTION

The characteristic polynomial P(A) of a density matrix p acting on a d-dimensional Hilbert space H ; is
given by:

P()) = det(AE - p) (L)

In the equation (1.1) we have denoted by E the identity operator onH . The roots of the characteristic
equation:

j=d

P()) = det(AE - p) = |‘l A=) (L.2)

are the eigenvalues of the density matrix p and are invariant with respect to the unitary group action

SU (d) on the density matrices given by UpU * for any U OSU (d) . It follows that the coefficients of the

characteristic polynomial are also invariant with respect to this action. Another set of invariants is associated
with the density matrix © using the unitary invariance of the trace:

j=d
K. :Tr(pm):Z)\jm ;m=12,..d (1.3)
J:

The coefficients of the characteristic polynomial are algebraic functions of these invariants. These invariants
can be computed in a an easy way. In the paper [9], S. Weigert developed a non-commutative calculus for
the density matrices expressed in the Bloch parametrization which. This allows us to calculate the invariants

K, and other traces of the similar powers. In the following we shall consider the Bloch vector
parametrization [1-15] and the Fano parametrization [2-5] and the relations between them [15].
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2. THE BLOCH PARAMETRIZATIONS

Let H be a finite-dimensional Hilbert space with dimension equal tod . We denote by End(H) the
vector space of the linear operators on H and define on this space the Hilbert-Schmidt inner product by the
formula: (A,B) =Tr(A"B) for any A,BOENd(H) (the operator A”is the adjoint of the operator A). The
Lie algebra su(d) of all selfadjoint operators ACJEnd(H)with TrA=0is a real subspace of End(H),

with dimension equal to D =d? —1. We shall take a basis {TJ-}J-D:l of this subspace such that the following

relations are valid (TJ- T,)= 25jk . Any density matrix o i.e. any linear self-adjoint and positive definite
operator with Trp =1 can be decomposed in the following form:

D

1 1
VI=—E+=— V.T.
p((v) q > ,Z il (2.1)

with some constraints on the real vector v = (v,,V,,...,V,) RP ., called the generalized Bloch vector [1-15].
For any density matrix o we have a unique Bloch vector with the following components:

v, =Trpt; = (p,rj) . The fact that the density matrix p is positive definite imposes severe restrictions on
j=D

the Bloch vectors [7, 11]. We denote by <v,u >= Z V;u; the scalar product inR ® The Lie brackets of the
J:

generators {T j}'le of the Lie algebra su(d) are given by the structure constants{ f jk,}jD,ky,:1 ;

D
[Tj,rk]:ZiZ f T (2.2)
These structure constants are the components of an anti-symmetric tensor and fulfill the Jacoby identity:
D
Z( fklm fmpq + fplm fmkq + fkpm 1:mlq) = O (23)
A remarkable fact, specific to the Lie algebrasu(d), is the existence of a symmetric bracket:
4 D
T,T, +T,T, :Eéjkl +22djk,rI (2.4)

Here d i are the components of a symmetric tensor. With the aid of anti-symmetric and symmetric tensors

we define an anti-symmetric and a symmetric product on the Euclidean space R®. The anti-symmetric
product is given by:

(Xﬂ y); :g gfjkl %Y (2.9)

The symmetric product is given by:

(XU y); = i gdjkl X i (2.6)

Then we have:

<x,r><y,r>:§<x,y>E+<[(ny)+i(xﬂ ), 7> (2.7)
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It is evident from the definition of the symmetric and scalar products that they are invariants to the unitary
group action on the density matrices. This justifies the definition of K. Lendi invariants [6]:

(2.8)
1
L, = = <vvyvv..l Jv.v>
In the definition of, L, we have k —1 factors in the multiple symmetric product.
3. ANEW FORM OF THE CHARACTERISTIC EQUATION
We shall use the following formula from A. J. Mountain [10]:
2 3 4
det(E +aF) =1- L Trr2 + 9 TrEe -9 rrEt - L(rrr2)+
2 3 4 2
5 6
9 rrrE® - 2 e ?)rrE ey - 2o mmEe - 2y - S arEr)mrE ) + L e+
5 6 6 3 4 8
irrrlr7 —l(TrFZ)(rrFS) —l(TrF3)(TrF“) + l(TrFZ)Z(TrF3)] = 3.1)
7 10 12 24
aB

B_E 2 6 _E 3 5 _i 442 1 4 2y2
?[I'rF 3(TrF )TrF>) 15(TrF )TrF>) 4(I'rF) +4(I'rF )TrF <)

2 3y2 2 _i 214
+§(TrF ) (TrF ) 48(I'rF )]+

We remark that for the traceless density operator F = p — % E= % <V, T >and with notations & = A —%

and a =—&" we have:

det(AE — p) = (&) det(E + aF) (3.2)
Because we have:
TrF? =1L,
3 _
TrE" =L, (3.3)

TrE* =L, +%(L2)2

and
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TrE® =1L, +§L2L3

TrE® =L, +§L2L4 +%L32 +di2L23

TrE7 =L, +§|_2|_5 +§|_3|_4 +d%|_22|_3 (3.3)
2 2 1

TrF® =L, + oLl + o Lol +EL42 +

3 3 1

d_2L22L4 +d_2|-2|-32 "'d_3|-24

Then we obtain the following form for the characteristic equation:

etE - p) = ()"~ L& ~ZLE = Z[L, + (LT -

2
ﬁg+§—5uufﬁ—

5
L G-DL u+%—§ %—E-QZH“— 9
%[L (j 170) ( 172)L3L4+(d%_% ﬂ)L LT - |
;[L +(c21 g) 2L6+(§ %)L3L5+(%—%)L42+((%—%+%)L22L4+

Two interesting cases with d <8 are the followings:
1
a) d =4 =2x 2, corresponding to a system composed from two spins 5 when the characteristic equation is
given by:
1 1 1 1
4 2 2
-—-L,é" -=Lé¢-=[L,—=L,"]=0 35
E 2 25 3 35 4 [ 4 4 2 ] ( )
1

b) d =6 =2 x 3, corresponding to a system composed from a spin 5 system and a spin 1 system with the

characteristic equation given by:

1 1 1 1 1 1
66 __L2€4 _gLsfs _Z[L4 _ngz]Ez _E[Ls _§L2L3]E_

2
1 5 1., 1
L -2, —— L —
6[61224363 36

(3.6)
L23] =0
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4. THE FANO PARAMETRIZATION

The density matrix, which corresponds to a state of a bipartite quantum system, composed from two
subsystems of dimensions d, and d,, can be parametrized by the Fano parameters [2]:

1 1 1 191
=——(1, 01 —< x>0k — % K
p dldz(l ¥ 2d, T P 2d1m$ ¥t 42 Z W 1) (4.1)
In the particular case when d; =d, =2 we have [15]:
X =V, TV, Y1 =V, Vg, Ky =Ve +Vq
X, =V +V;, Yo =V, vy, Ky =, 4y, 4.2)
N A g Koo =¥~ |
3 N 8 35 V3=V N 8
and
Ky =v; v Ky =V, =g,
Ky =Ve =V Ky =V, =V, (4.3)
Ky =Vs =V, 2 .
K = \/— V15

The converse relations are in an easy way obtained from these relations [15].

5. THE CALCULATION OF THE SYMMETRIC PRODUCT WITH FANO PARAMETERS

In order to obtain the Lendi invariants in the Fano parametrization we must have the values of the symmetric
product as functions of the Bloch vector components [15]:

2
(VU V)l V1V8 TV, Vg T V5Vy VoV +VoVp, + \/; ViVis
2
(VU V)z - —Vy4Vy + VgV + VoV —VgVip + §V2V15 (5-1)
2 2 2 2 2 2 2
(VU V); = V3V8 t (V4 + Vs =V TV VT VT vt YT ) + \/; VsVis

and

_ 1 2
(VUV)4 =ViVe —V,V7 TV,V, — \/§V 4Vg TVoVig TVyoVy, + V Vis

# B

1
(VU V)s = ViV, +V,Vg —V,Vg = ﬁvsvs V1 Vig F Vi + [ VeVis

N

(VUV)s =ViVy +V,Vg +V3V5—

(JJ

(5.2)

w|nN

N

V5V8 +V10V13 v V14 +
1V14

_ 1
(VUV)7 =ViVs =VoV, —VgVy — ﬁvﬂs ViV ~Vy 2 V7Vis

w |

and
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2 2 2 2 2 2
(VUV)s (V +V10 LA TR P P A Al T R
(5.3)
1 o 2 2 2 2 2 2
ﬁ(vl VT VT VT VT v, ) §V8V15
and
2
(VU V)g =VVyy =V,Vp, +VaVg +V,Vi5 = VeV, + \/— Tz VoV ~ V9V15
_ 1
(VUV)lo =V Vi +VoVyy VoV +V, Vi +VgVi, + ﬁvlo\/S - §V10V15
(5.4)
_ 1 2
(VUV)ll = ViV +V,Vyg = V3V +VgVig = ViV, +ﬁV11V8 - §V11V15
_ 1 2
(VUV)lz =V Vi =VpVg = V3Vip + VgV, +VoVig + ﬁvlz\/S - §V12V15
and
2 2
(VUV)13 - \/§ —=ViaVg T V4Vg +VsVyy +VgVyy +ViVpp = §V13V15
2 2
(VUV)14 - \/§V14V T V4V = VsV ¥ VgV, —ViVyy = §V14V15
(5.5)
(VUV)ls = %(Vlz + Vz2 + V32 + V42 + V52 + V62 + V72 + V82) B
2 2 2 2 2 2 2
E(Vg TV +Vy HV, FVp Yy, )_ §V15

The remarkable fact discovered by Kummer in [13] and [14] is the very simple and tractable form of these
equations when they are written for the Fano parameters.

We shall find these equations directly from the equations for the Bloch vector using the relations between the
Bloch and Fano parametrizations given above. We shall define the Fano parameters (denoted by the same
symbols with a hat) associated with the vector VUV as functions of the Fano parameters of the Bloch vector

V. Or in a more short way

X =Ky
V =K"x (5.6)
=xy' = (adjK)’

Here adjK =K ™" detK and KT denote the transpose of the matrix K . For the scalar product of a two
Bloch vectors we have:

<V, V >=%[<x,i>+<y,y>+Tr(KTK)] (5.7)

Ten we obtain:
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L, :%<v,v>=%[< X, X>+<y,y>+TrK K]

1 3
L, ==<v| Jv,v>=—[<X, Ky >-det(K
o =5 <WUviv>=2l<x Ky > = det(K)]

L, :%<vUv,vUv>:%[< KTx, KTx>+<Ky, Ky >+<xx><y,y>]+

%[_2 < (ade)x, y > +Tr((ade)T (adJK))]

(5.8)

1
6. THE CHARACTERISTIC EQUATION OF A SYSTEM COMPOSED FROM TWO SPIN E

. . . 1 -
As we have seen in the section 3, in the case of a system composed from two spins — the characteristic

equation is given by:

1 1 1 1
64 _Eszz _§L3€_Z[L4 —ZLZZ]:O

This equation is exactly the incomplete form of the initial characteristic equation. The Decartes-Euler

solution of the incomplete equation are given by

= (e e - e)

& =7 (e +e +e)

&= (e, e, +e)

£ =7 (e, +fe, - e)
where &, €,, &, are the roots of the cubic resolvent equation:

g —4L,e* +16L ¢ —2—4 L,>=0

or

g¥-2<yv>¢g? +2<vUv,vUv>£—g<vUv,v >2 =0

It is evident that we have real roots. In the particular case when x =y =0 we have:

£3 =Tr(K"K)e? +Tr((adjK)" (adjK))e - (det K)? =0

When KK =diag (tlz,tz2 : tsz)as in the Horodeckis ‘s case [16] the equation (6.5) is the Cayley —

(6.1)

(6.2)

(6.3)

(6.4)

(6.5)

Hamilton of the matrix K™K =diag(t,’,t,?,t,*) and have the roots &, =t,,&, =t,”, &, =t,” Thisis

the solution of the characteristic equation obtained in [16] by physical arguments.
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Let us consider another case in which the solutions of the equation (6.5) can be obtained directly. This is the
case of pseudo-pure states treated in [15]. In this case we can have x # 0, y # 0 but for the Bloch vector we

have the restriction VUV = uv which for the corresponding Fano parameters becomes:

Ky = ux, K'x=py, xy" —(adjK)" = uK . In this case we have Tr(K"K) =3u* = 2<x, x>,
Tr((adjK)" (adjK)) =3u* —4pu® <x,x>+<x,x>*, and det(K) = u(u’— <X, x >) i.e. the equation
(6.5) becomes:

€2 —@Bu’ -2<x,x>)e” +(Bu’ —4p® <x,x>+<x,x>")e -

6.6
pi(ur=<xx>)?=0 (66)

i.e. the equation (6.5) factorizes in the following way:
(- H*)e- (U =<xx>)*=0 (6.7)
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