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A calculation method for the aerodynamic prediction of airfoils based on a new interactive boundary-
layer approach and an improved Cebeci-Smith eddy viscosity formulation is described. Results are
presented for airfoils at low and moderate Reynolds numbers in order to demonstrate the need to
calculate transition for accurate drag polar and maximum lift coefficient prediction.

1. INTRODUCTION

In the last thirty years, there have been
significant accomplishments in computational fluid
dynamics (CFD). Whereas in the early 1960’s
panel methods and boundary-layer methods were
being developed for relatively simple configurations,
today the calculations are being performed
routinely with Navier-Stokes methods not only
simple configurations but also for complex aircraft
configurations. The calculations performed with
these methods lead to significant savings by
reducing wind tunnel testing. Progress has been so
impressive that one may even say that CFD has
reached its maturity.

An area that still requires further work in CFD
is the development of design methods for high lift
configurations. The presence of high and low
Reynolds number flows on various components of
airfoils and significant regions of flow separation
1near stall conditions, as well as possible merging of
shear layers, make the development of such a
capability a challenging task.

The required generality and accuracy of the
method and, equally important, its efficiency as a
design tool, introduce additional challenges.

The current development of design algorithm for
high lift configurations follows two approaches.
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One approach is based on the solution of the
Navier-Stokes equations with structured and
unstructured grids [1-3]. The second approach is
the one based on the interactive boundary layer
theory and will form the basis for our presentation.
This approach involves interaction between inviscid
and boundary-layer equations. For low speed flows,
the inviscid flow is often computed by a panel
method, with or without compressibility corrections,
and the viscous flow is computed by an inverse
boundary-layer method [4-5]. This approach,
though not as general as the Navier-Stokes
approach, provides a good compromise between
the efficiency and accuracy required in a design
process [6].

Regardless of which approach is used to
develop a computational tool for high lift
configurations, it is necessary to calculate the onset
of transition in order to identify the effect of wind
tunnel and flight Reynolds numbers. Individual
components of multi-element airfoils at wind tunnel
Reynolds numbers have relatively lower Reynolds
numbers than the main airfoil. At chord Reynolds
numbers less than 500,000, the components can
have large separation bubbles, with the onset of
transition occurring inside the separation bubble. As
a result, the behavior of the flow can be
significantly different from the behavior of the main
airfoil at higher Reynolds numbers. Furthermore,
the transition can influence the drag coefficient.
For this reason determining the onset transition is
crucial for predicting drag polars, which are of
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major interest when designing high-lift systems for
take-off and climb requirements [6].

The present method describes an interactive-
boundary-layer approach to the calculation of high
lift configurations in two-dimensional flows. Results
for two airfoils at high and low Reynolds numbers
are presented and discussed.

2. CALCULATION METHOD

2.1. Inviscid Method

The calculation method is formulated for
compressible flows and has been applied to single
airfoils at low and high Reynolds number. A full
potential method [7] is used to compute the inviscid
flow with viscous effects provided by a new direct
boundary-layer method [8]. The inviscid flow field
is computed using Jameson’s multiple grid
alternating direction technique. The potential flow
equation is treated in the conservation form:
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The discrete approximation used is a rotated
central difference scheme with an artificial
viscosity, which is suitable for airfoil calculation
without restriction on the speed at infinity. Time-
dependent terms have been added to embed the
steady-state equation in a convergent time-
dependent process. The solution of the resulting set
of nonlinear difference equations is done by the
multiple grid method.

2.2. Direct Boundary Layer Method

The boundary-layer method is based on the
solution of the modified boundary-layer equations
[8], which are suitable for direct calculation without
restriction on the separation. With the algebraic
eddy viscosity εm and turbulent Prandtl number Pt

concepts, the compressible boundary layer
equations and their boundary conditions on the
airfoil and in the wake for an adiabatic surface are:
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( ) ( ) 0=ρ
∂
∂+ρ

∂
∂ v

y
u

x
(3)

- x-momentum :
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- energy:
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- equivalent inviscid velocity:
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- transpiration velocity :

( ) ( ) yuU
dx
dxV e

ew
w d1

0
∫
δ

ρ−ρ
ρ

= (7)

where T is the temperature, H is a near value of
the total enthalpy given by:
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On the airfoil, the boundary conditions are:
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In the wake, where a dividing line at 0=y  is
required to separate the upper and lower parts of
the inviscid flow, in the absence of normal pressure
gradient, the boundary conditions at 0=y  are:

( ) ( )
( ).,              

,,,,,

0,0,0,0

yxHH
yxVvyxUuy

y
H

v
y
u

y

e

EIFw

=
==δ≥

=
∂
∂

==
∂
∂

=

(12)

The solution of the inviscid flowfield supplies U,
P, and He. The proper matching of the boundary-
layer solution with the inviscid solution, in
magnitude and slope, allows the direct calculation
of the separated flow for a prescribed velocity field

( )yxU , .
The turbulence model for mε  and 

tr
P  is given

by an improved version of the Cebeci and Smith
algebraic eddy viscosity formulation [9]. According
to this model, 

tr
P  is taken as constant equal to 0.9

and mε  is given by separate expressions for the
inner and outer regions of the boundary layer:
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The parameter F is related to the ratio of the
product of the turbulence energy by normal
stresses to that by shear stress evaluated at the
location where the shear stress is maximum. As
discussed in [9], it is given by:
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where the parameter β is a function of
( )max''/ vuR wt ρ−τ= , which, for 0≥τ w , is

represented by:
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For tw R,0≤τ  is set equal to zero.
The improved turbulence model uses an

intermittence expression applicable for flows with
favorable and adverse pressure gradients as well
as zero pressure gradient flows. It is based on
Fiedler and Head’s correlation [10] and is given by:
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where Y and ó are general intermittence
parameters with Y denoting the value of y where ã
= 0.5 and ó denoting the standard deviation.

The condition used to define yc in Eq. (13) is the
continuity of the eddy viscosity, so that mε  is
defined by ( mε )i from the wall outward (inner
region) until its value is equal to that given for the
outer region by ( mε )o.

The expression trγ  models the transition region
and is given by:
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Here, trx  denotes the onset of transition and G is
defined by:

34.1
2

3

2
3 −

ν
=

trx
w RU

C
G (19)

where C is 60 for attached flows and the transition
Reynolds number is ( )trwx xUR

tr
ν= / . In the low

Reynolds number range from 5102 ×=cR  to
6× 105, the parameter C is given by:

( )7323.4lg2132 −=
trxRC (20)

The corresponding expressions for the eddy-
viscosity formulation in the wake are:
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where ..etδ  is the boundary layer thickness at the
trailing edge, lw = 20, ( ) ..etmε  is the eddy viscosity
at the trailing edge, and ( )wmε  is the eddy-viscosity
in the far wake given by the larger of:
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with ymin denoting the location where the velocity is
minimum.

2.3. Solution Procedure

The above equations are first expressed in
transformed coordinates by means of the Falkner-
Skan transformation. Using Keller’s two-point
finite difference method as described in [9] then
numerically solves the transformed equations.
Once a solution is obtained for the external velocity
field given by the full potential method, the
transpiration velocity distribution on the surface is
calculated from Eq. (7) and a jump wV∆  in the
component of velocity normal to the airfoil dividing
streamline:

l
w

u
ww VVV +=∆ (23)

is computed from the boundary-layer solutions. In
the above equation superscripts u and l denote
upper and lower sides of the dividing streamline.

The boundary conditions given by Eqs. (7) and
(23) are then used in the potential method to
replace the zero transpiration velocity at the
surface and the calculated displacement thickness
at the airfoil trailing edge is used to satisfy the
Kutta condition. This procedure of computing
inviscid and viscous flows is continued until the
convergence of the solutions. It matches exactly all
of the flow properties even when the inviscid flow
has significant normal gradients.

3. RESULTS AND DISCUSSIONS

Figure 1 presents a comparison between
measured [11] and computed lift and drag
coefficients for the NACA0012 airfoil at a high
chord Reynolds number of 3×106. If the flow is
attached, the onset of transition is determined by
Michel’s criterion and at high angles of attack,
when the flow separates downstream of the
pressure peak before the Michel’s criterion can be
satisfied, the onset of transition is chosen to
coincide with laminar separation. To demonstrate
the importance of computing transition as part of
the method, calculations were also performed with
transition fixed near the stagnation point for all
angles of attack (dotted line). As can be seen, the
results with computed transition show a much
better agreement with experimental data than those
in which the transition were fixed.

Fig. 1.-Lift (a) and drag (b) coefficients for NACA0012 airfoil.

The behavior of airfoils at low Reynolds
numbers differs from that at high Reynolds
numbers, in that rather large separation bubbles can
occur downstream of the leading edge with
transition taking place within the bubble prior to
reattachment. The length of the bubble increases
with decreasing Reynolds numbers and strongly
influences the performance characteristics of the
airfoil. For this reason, at low Reynolds numbers it
is not possible to calculate the onset of transition
with the Michel’s criterion. Now, at low to
moderate angles of attack, the onset of transition is
calculated with the en – method and at higher
angles of attack, where large separation is present,
the onset of transition is assumed to correspond to
the location of laminar flow separation.

Results are first presented for the ONERA-D
airfoils tested by Cousteix and Pailhas [12] in a
wind tunnel with a chord Reynolds number of
3×105 at zero angle of attack. The tested airfoil,
mean velocity profiles and distributions of external
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velocity and skin-friction coefficient are shown in
Fig. 2. Measured and calculated results are in close
agreement with larger differences only in the
velocity profiles immediately upstream of
boundary-layer separation (x/c = 0.712) where we
may expect cross-stream pressure gradients and
normal stresses to have a locally-important role. In
this case, transition occurred within the separated
flow region and caused reattachment shortly
thereafter. The calculations revealed transition at
x/c = 0.79 for n = 8, at x/c = 0.81 for n = 9 in the
en – method, in comparison with measurements
which revealed transition at x/c = 0.808.

Fig. 2.- Velocity profiles (a) and external velocity and skin
friction coefficient distributions (b).

Fig. 3.- Lift (a) and drag (b) coefficients for Eppler airfoil.

Figure 3 shows the results for the Eppler 387
airfoil at a chord Reynolds number of 2×105. Here,
the location of transition does not play an important
role in predicting lift coefficient. However, the
calculations with the fixed transition location can be
performed until á = 13.5o. As before, the drag
coefficients obtained with the transition location
computed show better agreement with data than
those with a fixed transition location (dotted line).

4. CONCLUSIONS

An interactive boundary-layer method based on

new boundary-layer equations and an improved
Cebeci-Smith eddy viscosity formulation is used to
calculate the aerodynamic performance
characteris-tics of airfoils at high angles of attack.
In general, the predictions are excellent for
relatively low angles of attack and very satisfactory
up to stall. The study shows that the onset of
transition location plays a significant role in
predicting drag and that its calculation must be a
part of the computational method. The study also
shows the importance of the turbulence model in
predicting maximum lift coefficient.
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